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N
The Jacobian.

@ The Jacobian matrix of f at p is the m X n matrix

oh(p)  Ohlp) ... 9h(p)
Ix1 Ox Oxn
oh(p) 9h(p) .. 0A(p)
D f( P) _ Ox1 Ox2 Oxn
On(e)  Ofnlp) .. hn(p)
8X1 BXQ an
@ Examples.
e For f: D C R" — R, what is the difference between D f(p) and
v f(p)?
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The chain rule.

Theorem (The chain rule)

Let g : R" — R™ and f : R™ — R!. Suppose that g is differentiable at
p € R" and that f is differentiable at g(p) € R™. Then, the function f o g
is differentiable at p and

D(f og)(p) = Df(g(p))Dg(p)

@ The expression D(f o g)(p) = D f(g(p)) D g(p) consists of the
product of 2 matrices.
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Example of Chain Rule.

o Let o : R — R? given by o(t) = (x(t),y(t)), f : R2 — R. Then, the
chain rule says

D Fx(0)y(®) = DIF0a)(t) = D F(x.y)lyesgy Dt

y=y(t)
- (5 %)

()
of

y=y(t)
= LA O (0 + SO ()

o In general, if o(t) = (01(t), 02(t), ..., 0n(t)), we have
$f(o(1) = Vi(a(1)- %

o Example: f(x,y = xy + y2, x(t) = €', y(t) = 2t + 1.Then,
S (x(2), (1) = y(£)X' (1) + (x(2) + 2¢(1))y'(1) =
(2t +1)et +2(et + 2t + 1).
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Special case of the chain rule.

o g(s,t) = (x(s,t),y(s,t)) : R? = R? and f(x,y) : R? — R . Then,
(fog)(s,t) = f(g(s,t)) = f(x(s,t),y(s,t)). The chain rule says

that
ofog) _ 0rox  ofdy
Os ~ 0Ox0s Oy 0s
ofog) _ 0fdx  0Ofdy
ot  Ox 0t Oy ot
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Special case of the chain rule.

o g(s,t) = (x(s, t),y(s,t),z(s,t)) : R2 — R and f(x,y,z) : R® = R .
Then, ( 0g)(s, t) = f(g(s, £)) = f (x(s. £),y(s, ). (s, £)). The
chain rule says that

dfog) _ 0fdx  Ofdy  0f oz

ds 0x0s  oyds  0z0s
ofog) _ 0fdx  Ofdy  0fdz
ot  OxO0t Oy ot 0zot
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Example.

o Le f(x,y,z) : R® — R and x(u, v), y(u,v), z(u,v) : R2 — R
defined by
f(x,y,z) = X’y + xz
x(u,v)=-¢e", y(u,v)=uv, z(u,v)=Inv
e Consider the composition h : R? — R defined by
h(U, V) = f(X(U, V)vy(uv V),Z(U, V))
@ We are going to use the the chain rule to compute

oh Oh
%(0, 1), —(0,1)

ov
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Example.
e First, x(0,1) =1, y(0,1) =0, z(0,1) = 0.
e We have, Df(x,y,z) = (2xy + z,xz,x).
e So, Df(1,0,0) = (0,1,1).
o Write g(u,v) = (x(u, v),y(u,v),z(u,v)) = (uv,u — v,u+2v).
@ Then,
e’ 0 10
Dg(u,v)=1| v wu |, Dg(0,1)={| 1 0
0 5 01
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Example.
@ By the chain rule,

(@(0,1) @(0,1)) = Df(1,0,0) Dg(0,1) =

ou ov
1

—(0,1,1) ( 1 ) — (1,1)
0

Oh

oh
5,0 D=1 5 (0.1)=1

= O O

@ Therefore,

@ Repeat the computations using
d(f o g) of Ox O0f dy  Of 0z

Tou  oxou dydu  9z0u
Ofog) _ Ofdx  0fdy ofoz
ov ~ OxOv  dydv 0z 0v
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Ejemplo.

@ Consider the funcions

and

u(x,y,z) = x+yz,

@ We have,

Oh

ox
Oh

dy
oh
0z

f(u,v) =uv

of Ou
duox
Of Ou
Budy
Of Ou
900z

2

v(x,y,z) =yz —x

of Ov
v Ox
of v
v dy
of Ov
dv Oz
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Ejemplo.
e That is,

Oh _ v 4 2uv x (—1) = 3x% — 2xyz — y?2°

ox

@ = V2z42uvz = —x?z — 2xyz® + 3y?Z3

dy

@ — 2 I 2 3.2

97 vy 4+ 2uvy = —x“y —2xy“z+ 3y°z
z
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Example.

@ Consider the Cobb-Douglas production function
f(K, L) =5K/31%/3

@ where f are the units produced, K is capital and L is labor.

@ Suppose that capital and labor change with time
K =K(t), L=L(t)
Then the production function

F(K(1), L(t))

is also a function of time.

@ What is the rate of change of the production at a given time?
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Example.

@ We may answer this question using the chain rule.

H(K(0.L1) _ o oK o d
dt 0K dt  OLdt

5 dK 10 dL

_ _K—2/3L2/3_ _K1/3L—1/3_

dt + 3 dt
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Example.

@ Suppose an agent has the following differentiable utility function

u(x, y)

@ where x is a consumption good and y is air pollution. Then, the
utility of the agent is increasing in x and decreasing in y,

ou
8_x>0
ou
$<0

@ Suppose that the production of x units of the good generates
y = f(x) units of pollution,
@ What is the optimal level of consumption of x?
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|
Example.

@ The utility of the agent when he consumes x units of the good and
y = f(x) units of pollution are generated is

u(x, f(x))
@ The agents maximizes this utility function.
@ The first order condition is

du(x, f(x))
dx =0

@ Using the chain rule we obtain that the equation

ou ou /
0= 7 (xf(x) + @(X, f(x))f'(x)

determines the optimal level of production of the good.
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