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Quadratic forms.

@ A quadratic form of order n is a function @ : R” — R of the form

n
Q(x1, X2, ..., Xn) = Z ajjXix;
ij=1
for some real numbers a; € Ri,j=1,...,n
® Q(x,y,2) = x? — 2xy + 4xz + 6yz + 52°.
@ In matrix notation,
1 -1

2
Q(X,y,Z) = (X y Z) -1 0 3
2 3 5

N < X
I

= x? — 2xy + 4xz + 6yz + 52°

@ There is a unique way if we require that the associated matrix to be
symmetric.
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@ Every quadratic form @ : R” — R, can be written in a unique way
Q(x) = xAx" with A = A" a symmetric matrix.

o Observe that the symmetric matrix

A= (ay)

is associated with the following quadratic form

n
)= E ajjxixj = E a,,x +2 E ajjXiX;

ij=1 1<i<j<n

e We will identify the quadratic form Q(x) = xAx" with the matrix A.
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Classification of quadratic forms.

A quadratic form Q : R" — R is

O Positive definite if Q(x) > 0 for every x € R", x # 0.

@ Negative definite if Q(x) < 0 for every x € R", x # 0.

© Positive semidefinite if Q(x) > 0 for every x € R” and Q(x) = 0 for
some x # 0.

O Negative semidefinite if Q(x) < 0 for every x € R” and Q(x) =0
for some x #£ 0.

@ Indefinite if there are some x, y € R" such that Q(x) > 0 and
Q(y) <0.
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Classification of quadratic forms.

o ] Defiﬂ’ite negative

Defin ite positive

. indefinite

Semidefinite negative

o v
Semidefinite positive
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Examples.

® Qi(x,y,z) = x? +3y? + 22 is positive definite.
Qx(x,y,z) = —2x% — y? is negative semidefinite.
Q3(x,y) = —2x% — y? is negative definite.
Qa(x,y,z) = x> — y? 4+ 32% is indefinite.

The previous quadratic forms are easy to classify because they are in
diagonal form, i.e.

100 -2 0 0
Qe |0 3 0] @Qe[0 -10
00 1 0 0 0

1 0 0

03@(_02 _01) Qe (0 -1 0
0 0 3
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Classification of diagonal quadratic forms.

Proposition
A 0 O --- O
0 X O

Consider the matrix A= | . . . Then, the quadratic
0O 0 0 --- X,

form Q(x) = xAxt = A\ix? + Aox5 + -+ + A\px2 is
O positive definite if and only if \; > 0 for every i = 1,2,..., n;

@ negative definite if and only if \; < 0 for every i =1,2,...,n;
© positive semidefinite if and only if A\; > 0 for every i =1,2,...,n

and Ay = 0 for some k =1,2,...,n;
Q negative semidefinite if and only if \; < 0 for every i =1,2,...,n
and A\x = 0 for some k =1,2,... n;

@ indefinite if and only if there is some \; > 0 and some \; < 0.

v
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R
Leading Principal minors. |A| # 0

ail a2 - a4

a2 az - a4 . .
o Let A= ) ] ) i be a symmetric matrix.

dln d2n "  dnpn

@ The leading principal minors are
a11 a2 413

s D3: di1o2 aso 323,...,Dn:]A|
413 d23 4as3

a1 a2

Dy = a1, D=
’ a1 ax»

@ Suppose that |A| # 0. Then,
@ A is positive definite if and only D; > 0 for every i = 1,2,....n;
@ A is negative definite if and only (—1)'D; > 0 for every i = 1,2,..., n;
© if and (1) and (2) do not hold, then Q is indefinite.
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Example.

@ Consider the quadratic form
Q(x,y,z) = x> + 2xy — 2xz — 2y? + 4yz + 322
@ The associated matrix is

1 1 -1
1 -2 2
-1 2 3
.01:2>o,DZ:H _é =-3<0.

@ The quadratic form is indefinite.
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Example.

Consider the quadratic form Q(x, y,z) = 2x? + 2xy + y? + 2yz + 32°.

@ The associated matrix is

210
111
013
5 1 210
oD1:2>O,D2:‘1 1‘:1>0,D3: 11 1|=1>0.
013

The quadratic form is positive definite.

Quadratic forms. (Chapter 12) Mathematics for Economics |l Universidad Carlos 111 de Madrid 10 / 20



Example.

o Consider the quadratic form
Q(x,y,z) = —2x® + 2xy — 3y? + 2yz — 2%,

@ The associated matrix is

-2 1 0
1 -3 1
1 -1

2 1
s

-3
2 1 0
Dy=| 1 -3 1|=-3<0.
0 1 -1

@ The quadratic form is negative definite.
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R
Leading Principal minors. |A| =0

Proposition

Let Q(x) = xAx' with A symmetric and suppose D, = 0 and
D; #0,Dy #0,...,D,-1 #0. Then A is
@ positive semidefinite if and only D1, Do, ..., Dy—1 > 0;
@ negative semidefinite if and only
Dy <0,D,>0,..., (—1)n_1Dn_1 > 0;
© indefinite otherwise.

o Example: Let Q(x,y) = x? + 4xy + 4y?. The associated matrix is
1 2
2 4

oD1:1>0,D2:‘ =0.

2 4
@ The quadratic form is positive semidefinite.
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Other cases.
@ Consider the matrix

1
0
0

o O O
v O O

We see that D; = 1, D, = D3 = 0. Our previous methods do not
apply.

@ The associated quadratic form is positive semidefinite if and only if
a > 0 and indefinite if and only if a < 0.

o If we exchange the variables y and z then the associated matrix
becomes

1 00

0 a 0

0 0O

and then, the above propositions apply.
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Principal centered minors.

@ A principal centered minor of order k is the determinant of a
submatrix obtained by deleting same n — k rows and columns.
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Principal centered minors. Example

a1l ax a3
Alax ax» a3
di3 4d23 413

@ The 1 x 1 principal centered minors of A are:

> a;; (obtained by deleting rows and columns 2 and 3).
> ap; (obtained by deleting rows and columns 1 and 3); and
> a3z (obtained by deleting rows and columns 1 and 2).

@ The 2 x 2 principal centered minors are:

a2 a3

> , obtained by deleting row and column 1.
a3 as3
a a . .
R , obtained by deleting row and column 2; and
413 433
a a . .
» |“1 9121 obtained by deleting row and column 3.
a1 ax»

© The only 3 x 3 principal centered minor of A is |A.
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Principal minors. Example

The possible chains of leading principal centered minors are:

QO D=

Q@ D =

aii,

a1,

= az,

Q@ D=

QO D=

an2,

ass,

d33,

D, =

D, =

D, =

D

D

D, =

ai
ai3

ai
azi
a?
ans
ai
ari

az
ans

ail
ai3

ai3
ass
ai2
az
a3
ass3
ai2
az
a3
ass3
ai3
d33

Ds = |A].
Ds = |A].
Ds = |A].
Ds = |A].
Ds = |A].
Ds = |A].

Quadratic forms. (Chapter 12) Mathematics for Economics Il Universidad Carlos 111 de Madrid 16 / 20



Proposition

Proposition 12 still holds if we replace the chain of leading principal
minors by any other chain consisting of principal centered minors.
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Example.
Example
Let Q(x,y,z) = x> —2xy — 2xz + y? + 2yz + 22°
1 -1 -1
A= -1 1 1
-1 1 2
We have D, = D3 = 0. We consider the chain of principal minors
0 (1,2), Dy =2.
11
(2] (1),D2—‘ 1 ‘—1.
Q@ D;=J|A=0.
So, the associated quadratic form is positive semidefinite.
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Example.

Example

Let Q(x,y,z) = x2 — 2xy — 2xz + y? + 2yz. The associated matrix is

1 -1 -1
A= -1 1 1
-1 1 0

We have D, = D3 = 0. We consider the chain of principal minors
Q (2,3), D, =1.

1 -1
Q@ D;=|A =0

So, the associated quadratic form is indefinite.

-1
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Remark.

@ The methods above are especially useful for symmetric 2 x 2 matrices.

o For example if A is 2 x 2 matrix and |A| < 0, then the associated
quadratic form is indefinite.

o Why?
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