August 4, 2018

CHAPTER 4: HIGHER ORDER DERIVATIVES

In this chapter D denotes an open subset of R™.

1. INTRODUCTION

Definition 1.1. Given a function f : D — R we define the second partial deriva-

tives as
82f 0 aof

Likewise, we may define the higher order derivatives.

FEzxample 1.2. Consider the function

fla,y,z) = ay? + >

then
ax_y + ze ay-?xy 3 = zxe
and, for example
an _ ZZezz an _ xezx anf _ xezw
drdxr drdz 020c
We see that
0% f _ 0% f
0rdz 920z

We may check that this also holds for the other variables

*f _ f *f _ f

oxdy  Oyox dydz 020y

FEzxzample 1.3. Consider the function

Here is the graph of f,
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We may check easily that for (x,y) # (0,0),

a_f(m - oy 4 dayd — 4P g(m - 25 — 4ady? — ay
N RO oy T @ P
and
of B of _
Then
an . %(m,O) %(070) T
90 (0’0)_911—% z—0 _xli%g_l
and
0 f 0y - F0,0) .~y
33/833(070)_1}13% y—0 _91%7__1
S0
0*f o f
On the other hand, one can check that if (z,y) # (0,0) then
O f _O*f

M(x’ y) = dydr (z,y)
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The following result provides conditions under which the cross partial derivatives
coincide.

Theorem 1.4 (Schwarz). Suppose that for some i,5 = 1...,n the partial deriva-
tives

of >’f of >*f
8:1:1' ’ 85816.%] ’ 87117]‘7 856]81?2
exist and are continuous in some ball B(p,r), with > 0. Then,
0% f _ 0% f
axiaxj = 8:%3%2 *

for every z in the ball B(p,r).

Definition 1.5. Let D be an open subset of R” and let f: D — R. We say that
f is of class

e CY(D) if all the first partial derivatives 86% of f exist and are continuous
on D foralli=1... n.
e C%(D) if all the first partial derivatives
of
ox;
of f exist and are of class C*(D) for every i = 1...,n.
e C¥(D) if all the first partial derivatives
of
ox;
of f exist and are of class C*~1(D) for every i = 1...,n.

We write f € C*(D).
Definition 1.6. Let f € C?(D). The Hessian matrix of f at p is the matrix

0 1) =100 = (30 w)

Remark 1.7. Note that by Schwarz’s theorem, if f € C?(D) then the matrix H f(p)
is symmetric.

2. THE IMPLICIT FUNCTION THEOREM

In this section we are going to study non-linear systems of equations. For
example,

(2.1) 24 ze 4z =
3x+2y+z2z = 3

In general, it is extremely difficult to prove that there is a solution (and it may
not exist) o to solve explicitly those systems. Nevertheless, in Economics it often
happens that the model we are interested in is described by a system of equations
such as, for example, the system 2.1. And we would like to be able to say something
about the dependence of the solution with respect to the parameters. In this section
we address this problem.

Firstly, we note that that a system of m equations and n unknowns may be
written in the following form
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filu) =
fa(u) =

Im (u) =0
where v € R™ and fi, fa,..., fm : R® — R. For example, the system 2.1 may be
written as

filu) =0
fg(’u) = 0

with fi(z,y,2) = 2% + 2¢® + 2 — 1 and fa(z) = 3z + 2y + 2 — 3.

How are the solutions of the system 2.1. Comparing the situation with a linear
system we should expect to be able to solve for two of the variables in terms of one
parameter, since there are 2 equations and 3 unknowns. Suppose, for example that
we want to solve for y, z as functions of x. This might be complicated and in most
of the cases impossible. In this situation, the implicit function Theorem,

e provides sufficient conditions under which the system 2.1 has a unique so-
lution, that is it to proves the existence of two functions y(x) y z(x) which
satisfy the equations 2.1, even if we do not know how to compute these

functions.
e when the system of equations 2.1 has a solution it permits us to obtain
an expression for y'(x) and 2/(z), even if we do not know how to compute

y(x), 2(z).

Let us consider a system of equations

(2.2) filu,v) =
f2 (U, U) =
fm(u,0) = 0
where v = (uq,...,u,) € R" are the independent variables and v = (vy,...,v,) €
R™ are the variables for which we want to solve for! and fy, fa,..., fm : R* xR™ —
R. To this system we associate the following expression
% - gi
a(fhf??"'afm) o T}l Qfm
5 = det : :
(V155 vm) Ofn ... Ofn
vy OV,

For example, for the system 2.1

Ty Ty
9(f1, f2) —det [ €T €T T L rze® —2e"Y — 2
9 (y,2) 2 !

n the example 2.1 n =1, m=2, u=2, v = (y, 2).
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Theorem 2.1 (implicit function Theorem). Suppose that the functions fi, fa,. ..

R™ x R™ — R are of class C! and that there is a point (ug,vg) € R™ x R™ such

that

(1) fi(uo,v0) = fa(uo,v0) = -+ = fm(uo,vo) = 0; and

(2)

8(f17f2a"'a,fm)
a(vlv"'av’m) (uO’UO)#O
Then, there are an sets U C R™ and V' C R™ and functions g1,...gm : U = R

such that

(1) ug €U, vg € V.

(2) for every u € U,
fl(uagl(u)v e 7ng(u)) = fQ(U,gl(U), e 7g7VL(u)) == fm(u7gl(u)a e 7g7n(u)) = 0

(3) fueU and v = (vy,..

., Um) € V are solutions of the system of equations

fl(uav) = f2(uvv) == fm(u’v) = 07 then U1 :gl(u)7~-~vm = gm(u)'

(4) The functions gi,...gm

: U — R are differentiable and for each i =

1,2,...,mand j=1,2,...,n we have that
9gi O (f1, f2s- - fm) 9 (f1, fay-- s fm)
(2.3) = -
Ou; O (U1, Vi1, U, Vit 1y - -+ 3 Upn) 0(v1,...,0m)
Remark 2.2. Explicitly,
% 3‘9f1 % 831“1 gi
v Vi — U Vi Um,
8(f1af27"'afm) _ .1 ' ’ o
) = det : : : :
(Ula"'avi—lvuj7vi+la"'7vm) O fum O fum Ofum of: Ofum
3’[}1 avi71 6Uj 8vi+1 avm

Remark 2.3. The conclusion of the implicit function Theorem may be expressed in

the following way,
(1) The functions

21 = g1(u), 22 = g1(u), . ..

va

= gm(u)

are a solution of the system of equations 2.2.

(2) The derivatives of the functions gy, ..

-Gm

: U — R may be computed by

implicitly differentiating the system of equations 2.2 and applying the chain

rule.

Remark 2.4. Applying several times the implicit function Theorem we may also
compute the higher order derivatives of the dependent variables.

Ezample 2.5. Let us apply the implicit function Theorem to the system of equations

2%+ 26 + 2

3z +2y+ 2

(2.4)

1
3

First we note that z = 1, y = z = 0 is a solution of the system. On the other hand,

we have seen that

d(f1, f2) . xze®™ e +1

= (xze™ — 2e™ — 2)|

z=1,y=2=0

s Jm

rz=1,y=2=0 =

440
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The implicit function Theorem guarantees that we may solve for the variables y
and z as functions of x for values of z near 1. Furthermore, differentiating with
respect to x in the system we obtain

(2.5) 2r + 2™ + z(y + xy )™ + 2 =
342y +2
Now substitute z =1,y = 2z = 0,
(2.6) 242:(1) = 0
3+2y/(1)+2'(1) = 0

so that 2’(1) = /(1) = —1. This could be computed as well using formula 2.3,

o
(1) = ,m Lot [ 22 Tyze™ e+l e S
A= —4 =1 3 1 I
and
9(f1,
/(1)——M—ldt xze™ 2z + yze®V _—74__1
i B —4 - 4 ’ 2 3 r=1,y=2=0 4 a

To compute the second derivatives y”(z) y 2”(x), we differentiate each equation
of the system 2.5 with respect to x. After simplifying we obtain

2+ 2"e™ + 22 (y + 2y )™ + 2(2y +xy”")e™ + 2(y +wy) e + 27 = 0
2" +2" = 0
and substituting x = 1,y(1) = 2(1) =0, 2/(1) = y'(1) = -1
2+ 22”(1) = 0
2y"(1) +2"(1) 0

from here we see that 2”/(1) = —1, y”(1) = 1/2. Tterated differentiation allows us
to obtain the derivatives of any order z(™ (1), y(™ (1).

FEzample 2.6. Consider the macroecononomic model

(2.7) Y = C+I1+G
c o= jv-T)
I = h(r)
r = m(M)

where the variables are Y (national income), C' (consumption), I (investment) and
r (interest rate) and the parameters are M (money supply), T' (taxes collected) and
G (public spending). We assume that 0 < f/(z) < 1. Compute

ay 9y Iy

oM’ 9T’ 0G

The system may be written as follows

fi = C+I4+G-Y =0
2o = fY ) ¢=0
fs = h(T) =

= m(M)fr
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First we compute

-1 1 1 0
a(f17f27f37f4) o f/(Y*T) -1 0 0 L -
W_det 0 0 —1 K(r) =1—-f(Y-T)#0
0 0 0 -1

By the implicit function Theorem the system 2.7 defines implicitly Y, C, I and
r as functions of M, T and G. (we assume that the system has some solution).
Differentiating in 2.7 with respect to M we obtain

o _ oo ar
oM oM  OM
= v -mon
% = m/(M)

Solving these equations, we obtain

oY W(r)ym/(M)

oM~ 1—f/(Y =T)

Differentiating in 2.7 with respect to 7" we obtain

ov _ o, ol
or 0T = or
oC , oY
T - f(Y—T)(a—T—l)
oI ,, L or
ar = "Uar
ar
T - 0
Solving these equations, we obtain
oy  —f'(Y-T)

ot 1-f(Y=T)

Differentiating in 2.7 with respect to G we obtain

al — a£+g+1
oG 090G  0G
oc aY
oc — T -T5g
o ., [ Or
ac ~ "
or
ac ~ "

Solving these equations, we obtain
aY 1

T 1-f (Y -T)
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Ezample 2.7 (Indifference curves). Suppose that there are two consumption goods
and a consumer whose preferences a represented by a utility function u(x,y). The
indifference curves of the consumer are the sets

{(z,y) eR?* 12,y > 0, w(z,y) =C}
with C' € R. Suppose that the function u(z,y) is differentiable and that

ou ou
%>0 8—y>0

Applying the implicit function Theorem, we see that the equation
u(z,y) =C
defines y as a function of x. The set
{(z,y) eER?*: 2,y >0, u(z,y)=C}
may be represented as the graph of the function y(x).

y(x)

y(@)

{(xy)uxy)=C}

Differentiating implicitly, we may compute the derivative y’

ou  Ou , .
so that Bu)d
, _ Ou/0x

We see that y(z) is a decreasing function. The absolute value of y/(x) (that is, the
absolute value of the slope of the straight line tangent to the indifference curve)
is the marginal rate of substitution of the consumer. Therefore, we define the
marginal rate of substitution of the consumer as

OO )

u/ Oy

Suppose that a consumer has a bundle of consumption goods (a,b = y(a)). Re-
calling the interpretation of the derivative y’(a), we see that the marginal rate
of substitution MRS(a,b) of the agent measures (approximately) the maximum
amount of good y that the agent would be willing to exchange for an additional
consumption of one unit of good =x.

MRS(z,y) =
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For example, if the consumer has a Cobb-Douglas utility function u(x,y) = x2y*,
the marginal rate of substitution is
Ou/0xr  2xy* y
MRS = = ==
(@,y) Ou/dy  4z?yd 2z
On the other hand, recall that the slope of the straight line tangent to the graph
of y(x) at the point (a,y(a)) is y'(a). That is, the director vector of the straight
line tangent to the graph of y(x) at the point (a,y(a)) is the vector (1,y'(a)).
Performing the scalar product of this vector with the gradient vector of u at the
point (a,y(a)) we obtain that

(L @) Tulesta)) = (1.-5525) - (54.54) =0

And we have checked again that the gradient vector Vu is perpendicular to the
straight line tangent the indifference curve of the consumer.

y(x)

U u(a,y(a))

y(a)

{(xy)uxy)= C}

Ezample 2.8. Suppose that there are two consumption goods and the agent has
preferences over theses which might be represented by a utility function u(z,y).
Suppose the prices of the goods are p, and p,. Consuming the bundle (x,y) costs

Da® + Pyy

to the agent. If his income is I then

Pt +pyy =1

That is, if the agent buys x units of the first good, then the maximum amount he
can consume of the second good is

I pe
—— =z
Dy Dy

so his utility is

I
(2.8) u <x, — — pxx)
Py Py
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In Economic Theory one assumes that the agent chooses the bundle of goods (z,y)
that maximizes his utility. That is the agent maximizes the function 2.8. Differen-
tiating implicitly with respect to x we obtain

ou  Oupy
2.9 — - ——=
(29) Ox Oy py
Thus, the first order condition is

MRS(z, y) = 22

Dy
The above equation together with the budget restriction
P +pyy =1
determines the demand of the agent.

For example if the preferences of the consumer may be represented by a Cobb-
Douglas utility function

u(z,y) = a?y
the MRS is
MRS(z,y) = 23:7234 = Zy
x x
and the demand of the agent is determined by the system of equations
2y Pa
T py
pe tpyy = 1
from these we obtain the demand of the agent
21
TPz py, 1) = 3p,
I
y(vapyaj) = %

Ezample 2.9 (Isoquants and the marginal rate of technical substitution). Suppose
that a firm uses the production function Y = f(z1,x2) where (z1, z2) are the units
of inputs used in manufacturing ofY" units of the product. Given a fixed level of
production ¥, the corresponding isoquant is the level set

{(I1,$2) GRQ cT1,T2 >07 f(Il,ZEQ):g}

As in the previous exercise, we see that on the isoquants we may write o as a
function of z; and that

Of ] 0x4

’ __YJrYn

2= o,
The marginal rate of technical substitution is defined as
Of ] 0xy

RMST = —z =
) = 5 o,
For example, if the production function of the firm is ¥ = xi/ Smé/ ? then the
marginal rate of technical substitution is
oY ] 0y L 72/3,1/2

RMST = TR
OY [0~ 151/, 3uy
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3. TAYLOR’S APPROXIMATIONS OF FIRST AND SECOND ORDER

Definition 3.1. Let f € C1(D), p € D. The first order Taylor polynomial at p is

Pi(z) = f(p) + V() (v —p)

Remark 3.2. If f(x,y) is a function of two variables and p = (a, b)then Taylor’s first
order polynomial for the function f around the point p = (a,b) is the polynomial

Pi(e.y) = flab) + (@) (o= a) + (@) (v =D

Definition 3.3. If f € C?(D) we define the Taylor polynomial of order 2 around
the point p as

Pol) = F(p) ¥ (0)-(r—p)+ 5 (x—p) H f(p) (a—p) = Pi(x)+ 3 (—p) H (o) ()

Remark 3.4. If f(x,y) is a function of two variables and p = (a,b) then Taylor’s

second order polynomial for the function f around the point p = (a,b) is the
polynomial
_ of of
PQ('ray) - f(avb)+ ax(avb)(x_a')+ ay(aab)(y_b)+
1L/ o*f 2, o 0% o*f 2
- _ ) _ _ _
5 (g (o= 0P 4 2 e = =)+ oty 0

Remark 3.5. These are good approximations to f(z) in the sense that if f is of
class C1(D), then,

@) P
w=p |z —pl|

and if f is of class C?(D), then,
@) =Pl

e=p |l —plf?

4. QUADRATIC FORMS

Definition 4.1. A quadratic form of order n is a function @ : R” — R of the
form

n
Q(w1, 22, Tn) = Y aijTi;
ij=1
for some real numbers a;; € Ri,5=1,...,n

Ezample 4.2. Q(z,y,2) = 2% — 22y + 422 + 6yz + 522

Remark 4.3. A quadratic form can be expressed in matrix notation. For example,

1 -1 2 T
Qz,y,z)=(r y 2z (-1 0 3 y | =2* — 2zy + 4oz + 6yz + 522
2 3 5 z
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It is possible to do this in general (infinitely many) ways. For example, the previous
quadratic form can also be expressed as

1 -2 1 x
Q(Ly,z):(x y z) 0 0 4 y
3 2 5 z
(The condition is that
zAzt = 2Bt
as long as a;; + a;; = b;; + bj; for every i, =1,2,...,n)

But, there is a unique way if we require that A be symmetric.

Proposition 4.4. Every quadratic form @ : R™ — R, can be written in a unique
way Q(z) = rAxt with A = A® a symmetric matrix.
Remark 4.5. Observe that the symmetric matrix
A = (aij)
is associated with the following quadratic form
n n
Qz) = Z Q;jT;T; = Zau‘ﬂ?? +2 Z TT;
ij=1 i=1 1<i<j<n

We will identify the quadratic form Q(z) = zAz* with the matrix A.

4.1. Classification of quadratic forms.

Definition 4.6. A quadratic form @ : R” — R is

(1) Positive definite if Q(x) > 0 for every z € R", x # 0.

(2) Negative definite if Q(z) < 0 for every z € R", x # 0.

(3) Positive semidefinite if Q(xz) > 0 for every z € R™ and Q(z) = 0 for
some x # 0.

(4) Negative semidefinite if Q(z) < 0 for every z € R™ and Q(z) = 0 for
some x # 0.

(5) Indefinite if there are some z,y € R™ such that Q(x) > 0 and Q(y) < 0.

Example 4.7. Q1(z,y,2) = 2% + 3y? + 22 is positive definite.
Ezample 4.8. Qa(x,y,2) = —2x2 — y? is negative semidefinite.
Example 4.9. Q3(z,y) = —22% — y? is negative definite.
Ezample 4.10. Q4(z,y,2) = 2% — y? + 322 is indefinite.

The previous quadratic forms are easy to classify because they are in diagonal
form, i.e.
0 -2 0
0 Q2 &
1

0
0 0
0 0
5 0 1 0 0
Q3 & Qie [0 -1 0
0 -1 0

S W o

1
Qi< |0
0
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Proposition 4.11. Consider the matrix

A 0 0 -+ 0
0 X 0 -+ 0
A= . . . :
0 0 0 -+ A,

Then, the quadratic form
Q(z) = Az = M\x? + Noz2 + - 4+ N2
es,
(1) positive definite if and only if A; > 0 for every i = 1,2,...,n;
(2) negative definite if and only if A\; < 0 for every i = 1,2,...,n;
(3) positive semidefinite if and only if \; > 0 for every i = 1,
A =0 for some k=1,2,...,n;
(4) negative semidefinite if and only if \; < 0 for every i« = 1,2,...,n and
Ar = 0 for some £k =1,2,...,n;
(5) indefinite if and only if there is some A; > 0 and some A; < 0.

2,...,n and

We are going to study some methods to determine whether a quadratic form is
positive/negative definite, semidefinite or indefinite. They are based on making a
change of variables that puts the quadratic form in diagonal form.

air a2 aiq
a1z a22 a24 . .
Let A= . ) ) . be a symmetric matrix.
A1ln Q2n " Ann
a1l alo ail ai2 a3
Let D1 = ail, D2 = s D3 = |(G12 A22 A23|, ..., Dn = |A| be
az1 Q22

a1z az3 as3
the leading principal minors of A. Suppose Dy # 0,Dy #0,...,D,_1 # 0. Then,
there is a change of variables Tx = z such that the quadratic form Q(z) = zAx?

becomes
D, ,

¥4
n
Dn—l

~ D D
Q(z) = D23 + 22+ 224+

~2 Z8
D; %" Dy
This helps to remember the following.
Proposition 4.12. Let Q(z) = zAx" with A symmetric and suppose that |A| # 0.
Then,
(1) A is positive definite if and only D; > 0 for every i = 1,2,...,n;
(2) A is negative definite if and only (—1)*D; > 0 for every i = 1,2,...,n;
(3) if and (1) and (2) do not hold, then @ is indefinite.

The previous proposition applies when |A] # 0. What can we say if |A| = 07
The following is a partial answer.

Proposition 4.13. Let Q(z) = zAx® with A symmetric and suppose D,, = 0 and
D1 7£ O,Dg %0,...7Dn_1 #0 Then A is
(1) positive semidefinite if and only Dy, Ds, ..., Dy_1 > 0;
(2) negative semidefinite if and only Dy < 0,Dy > 0,...,(=1)""'D,,_; > 0;
(3) indefinite otherwise.
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Next, we study some examples that illustrate some of thing one can do when
D,, = 0 and some of the Dy ..., D, vanish.

FEzxample 4.14. Consider the matrix
1 0 0
0 0 0
0 0 a

We see that D; = 1, Dy = D3 = 0. Clearly, the eigenvalues are Ay = 1, \; = 0,
A1 = a. So, the associated quadratic form is positive semidefinite if and only if
a > 0 and indefinite if and only if @ < 0. But, this is impossible to tell from
Dy =1,Dy; =D3=0.

Remark that in the previous example, if we exchange the variables y and z then
the associated matrix becomes
1 00
0 a O
0 0 0
and then, the above propositions apply. This is formalized in the following obser-
vation.

Definition 4.15. A principal minor is centered if includes the same rows and
columns. For example, the minor

a1l as
as1 ass

is a centered minor, because it includes rows and columns 1, 3. But, the minor,

is NOT centered, because it includes rows 1, 3 and columns 1, 2.

Proposition 4.16. Proposition 4.13 still holds if we replace the chain of leading
principal minors by any other chain consisting of principal centered minors.

Remark 4.17. The methods above are especially useful for symmetric 2 x 2 matrices.
For example if A is 2 x 2 matrix and |A| < 0, then the associated quadratic form is
indefinite. Why?

5. CONCAVITY AND CONVEXITY

In this section, we assume that: D C R™ is a convex, open set.

Definition 5.1. We say that
(1) f is concave on D if for every A € [0,1] and z,y € D we have that

fOz+ (1 =Ny) > AMf(z) + (1= f(y)
(2) fis convex on D if for every A € [0,1] and z,y € D we have that
fOz+ (1 =Ny) < M)+ (1 - f(y)
Remark 5.2. Note that f is convex on D if and only if —f is concave on D.

Definition 5.3. We say that
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(1) f is strictly concave on D if for every A € (0,1) and z,y € D, = # y we
have that
fQz+ (1 =Ny)>Af(z) +(1=A)f(y)
(2) f is strictly convex on D if for every A € (0,1) and x,y € D, = # y we
have that
fQz+ (1 =Ny) <Af(z)+(1=N)f(y)

Remark 5.4. Note that f is strictly convex on D if and only if — f is strictly concave
on D.

Proposition 5.5. Let D be a convex, open subset of R™. Then,

(1) f is concave < the set {(z,y):z € D,y < f(x)} is convex.

(2) f is convex < the set {(z,y) : x € D,y > f(z)} is convex.

(3) f is strictly convex < the set {(x,y) : € D,y > f(x)} is convex and the
graph of f contains no segments.

(4) f is strictly concave < the set {(z,y) : z € D,y < f(x)} is convex and the
graph of f no contains segments.

(5) If f is convex, then the lower contour set {x € D : f(x) < a} is convex for
every a € R

(6) If f is concave, then the upper contour set {z € D : f(x) > a} is convex
for every a € R

Example 5.6. f(z,y) = 2% + y? is strictly convex.
Example 5.7. f(z,y) = (z — y)? is convex, but not strictly convex.

Remark 5.8. The conditions in (5) and (6) are necessary but not sufficient. For
example, any monotone function f : R — R satisfies that both sets

{zeD:f(z)<a} and {zeD: f(z)>a}

are convex.

6. FIRST ORDER CONDITIONS FOR CONCAVITY AND CONVEXITY

Suppose f : R™ — R is concave and differentiable on a convex set D. Then,
the plane tangent to the graph of f at p € D is above the graph of f. Recall that
the tangent plane is the set of points (21,...,Tn, Zny1) € R*! that satisfy the
equation,

Tnt1 = f(p) + VI(p)- (x—p)
Hence, if is concave and differentiable on D, then we have that,

f(@) < fp)+Vip) - (z—p)
for every z € D.
Proposition 6.1. Suppose f € C1(D). Then,
(1) f is concave on D if and only if for all u,v € D we have that
flu) < f(0) + Vf(v) - (u—v)

(2) f is strictly concave on D if and only if for all u,v € D, u # v, we have
that

f(u) < f(0) +Vf(v) - (u—v)
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(3) f is convex on D if and only if for all u,v € D we have that
fu) = f(v) + Vf(v) - (u—v)
(4) f is strictly convex on D if and only if for all u,v € D, u # v, we have that
fw) > f(v) + Vi) (u—wv)
7. SECOND ORDER CONDITIONS FOR CONCAVITY AND CONVEXITY

Proposition 7.1. Let D C R™ be open and convex. Let f € C?(D) Let H f(p) be
the Hessian matrix of f at p. Then,
(1) f is concave on D if and only if for every p € D, H f(p) is negative semi-
definite or negative definite. That is, f is concave on D if and only if for
every p € D and z € R™ we have that z - H f(p)z < 0.
(2) fisconvexon D if and only if for every p € D, H f(p) is positive semidefinite
or positive definite. That is, f is convex on D if and only if for every p € D
and x € R™ we have that « - H f(p)x > 0.
(3) If H f(p) is definite negative for every p € D, then f is strictly concave on
D.
(4) If H f(p) is positive negative for every p € D, then f is strictly convex on
D.

Remark 7.2. One can show that if f is strictly convex, then H f(x,y) is positive
definite except on a "small” set. For example, f(z,y) = 2* + y* is strictly convex

and )
122 0

is positive definite if zy # 0, that is, it is positive definite on all of R? except on
the two axis {(x,y) € R? : zy = 0}. For points on the two axis (that is for points
(x,y) € R? such that 2y = 0) the Hessian matrix is positive semidefinite.

8. APPLICATIONS TO CONVEX SETS

Proposition 8.1. If X7,..., X} are convex subsets of R", then X; N XoN---N X
is also a convex subset.

Ezample 8.2. Using the theory of this chapter, prove that the set {(z,y) € R? :
322 +10y? < 10,2 > 0,y < 0} is convex.

Ezample 8.3 (Concavity, convexity and preferences). In example 2.7 we considered
a consumer whose preferences (over two consumption goods) are represented by the
utility function u(z,y). The indifference curves of the consumer are the sets
{(z,y) eR® 12,y >0, u(z,y) =C}

with C' € R. Suppose that the function u(z,y) is differentiable and that

Ou 0

>0 o

ox dy

Applying the implicit function Theorem, we see that the equation
u(z,y) =C
defines y as a function of x. The set
{(z,y) €ER?*: 2,y >0, u(z,y)=C}
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may be represented as the graph of the function y(z). Differentiation implicitly the
equation u(z,y) = C we may compute the derivative y’

Oou Ou ,
—+—y'(x)=0
or " oy” (z)
Applying again the implicit function Theorem we obtain an equation for the

second derivative y”

924 8%u o%u 2 ou

D O, ou ou _
900s T 2500,V Ot gya, W @)+ 5u (@) =0

One of | standard assumptions in Economic Theory is that the set which consist
of all the consumption bundles which are preferred to a given consumption bundle
is a convex set. In terms of the utility function this means that the set

{(@y) eR? 12,y >0, u(z,y)>C}

(8.1)

is convex.

y(x)

{(xy):uxy)>= C}

By Proposition 5.5, the set {(x,y) € R* : z,y >0, wu(x,y) > C} is convex if we
assume that the function u(z,y) is concave?. Suppose that the function u(z,y) is
concave and of class C?. According to the definition of concavity, this means that
for every h,k € R we have that

0%u 0%u 0%u
h? +2 hk k2 <0
0x0x + 0x0y + dydy  —
If in this equation we plug in h = 1, k = y/(x) we obtain that
0%u 0%u 0%u 2
I Wl / <
0xdx + 8m8yy () + 0ydy W(z)” <0

and solving for y” in the equation 8.1 we obtain

9 lod 3? 2
y”(.’IJ) _ Ozaua: + 28w5yy/(x) + Oy(')uy (y’(x))

>
ou/ Ox =0

2But, that the set {(z,y) €RZ : 2,y >0, wu(x,y) > C} is convex does not necessarily imply
that the function u is concave
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that is, the function y(z) is convex, so that ¢’ (x) is increasing. Since MRS(z, y(x)) =
—1/(x), we see that if the preferences of the consumer are convex his marginal rate

of substitution is decreasing.



