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Exercise 1:

Consider A market with one good and two firms. The firms decide prices p; and ps simultaneous and independently.
Given those prices, the amount sold By each company is

r1(p1,p2) = 54—}714—%
To(p1,p2) = 54—}724‘%

Firm 2 has constant marginal cost co = 6. Firm 2 does not know the cost of firm 1. Firm 2 thinks that with
probability % firm 1 has constant marginal cost ¢; = 4 and with probability % firm 1 has constant marginal cost
cp, = 8. Firm 1 knows its costs and the costs of firm 2. This situation is common knowledge for Both firms.

(a) (5 points.) Describe the situation as A Bayesian game

Solution: There are two players N = {1,2}. There are two types of player 1: Ty = {c,cp}, where ¢; = 4 and
cn, = 8. There is one type of player 2: Ty = {c}. The sets of strategies are S = So = S., = S,,, = [0,00). The
beliefs of the players are

prta=clti=c) = pilta=clti=¢)=1
pa(ti=alte=t) = pa(ti=cla=1t)=1/2
The payoffs are
P2
up (phyp2) = (54 —pn+ 5)(]% —cp)
w(pnpe) = (54—2p+ ) (b — )
1 Ph 1 D
= (p2—6 7<54— —) 7(54— 7)
U2 (p2 )(2 p2+2 +2 p2+2

(b) (10 points.) Compute the Best reply of each firm. You must compute the Best reply of each type of the firms.

Solution: Agent 1, type c,, mazimizes maxy, up = (54 — py + 22 )(pn — c). The first order condition is
% — 2pp, + 62 = 0.

Note that the second derivative with respect to pp is

62
20— 240
Opj,

Hence, the first order condition corresponds to a mazimum of un. The best reply of agent 1, type cp, is

+ 124
BRy(p2) = pQT



Likewise, agent 1, type c;, mazimizes max,, u; = (p; —4) (%2 —p+ 54). The first order condition is
%2 —2p, + 58 = 0.

Note that the second derivative with respect to p; is

32ul

=-2<0
op?

Hence, the first order condition corresponds to a maximum of u;. The best reply of agent 1, type ¢, is

_ p2+ 116

BR(p2) 1

Finally, agent 2 mazimizes

1 Dh 1 i
max(pz = 6) (2 (54-p2+55) +5 (31—t 2))

The first order condition is

1
(Ga-pe+ )45 (54-p2+ ) —pm+6=0

DO =

The best reply of agent 2 is
1
BRa(pn, p1) = ¢ (pn + pr + 240)

(¢) (10 points.) Compute the Bayes—Nash equillibrium, the quantities sold in this equilibrium and the profits of
each firm.

Solution: The NE is the solution to

4

Ph

P2 + 116 1
o= p2 = < (pn + p1 + 240)

4 8
We obtain

pp=41 p/ =39 p; =40
the utilities of the agents are
wi =1089 uf = 1225 uf = 1156

and the quantities sold are
xy =33 x; =35 x5;=34

Exercise 2:
Two players face the following Bayesian game. Player 1 knows that game S is played with probability % and game
T is played with probability i. Player 2 is informed of the game that is played.

Player 2 Player 2
X Y X Y
Al 24123 Al 4,31 2,4
Player 1 Bl 123 6 Player 1 Bl 32 24
(8,3) (T.3)



(15 points.) Find the Bayesian equilibria in pure strategies and the payoffs of the players in those equilibria.
Solution: Note that BRy(A) = XY and

3 1
Ul(A,XY) = 1X2+ZX2:2
3 1 10

Hence BR1(XY) = B. And there is no BNE in which player 2 plays XY On the other hand, BRo(B) =YY and

3 1
u(4,YY) = ZX2+ZX2:2

3 1 7
w(B,YY) = Tx3+4x(-2)=,<2

Hence BR1 (YY) = A. We conclude that here is no BNE in which player 2 plays YY . Hence, there are no BNE in
pure strategies.

(20 points.) Find the Bayesian equilibria in mixed strategies and the payoffs of the players in those equilibria.
Solution: Note that, for player 2, type T', X is dominated by strategy Y. So, in no NE will this player use strategy
X. Let us look for a BNE in mixed strategies of the form

or = Y

os = 2 X+(1-2)Y, 0<z<l1

o1 = pA+(1—-p)B 0<p<1
The expected utilities of player S are

us(01,X) = 4dp+2(1—p)=2+2p

us(01,Y) = 3p+6(1—p)=6—3p

We must have that 2+ 2p = 6 — 3p. That is, p = 2. We also have that,
3 1

_7—|—3x
TG

wy (B,os,Y) = % (42 +3(1 — 2)) + i « (=2)

Hence, 7T+ 3z = 8, that is:c:%. We have the BNE
4 1 1 2
—A+-B;|=X+=Y|,Y
(5a+38:(3x+3v).7)

18
uSZE’ ur =4 u; =2

with payoffs

Exercise 3:
Consider the following game in extensive form



(2,5) (1,4) (1,0) (3,1) (3,3) (1,4) (0,3) (3,2)

1. (5 points.) What are the sub-games of the above game? It is enough to write the node at which each sub-game
starts.

Solution: There are five sub-games that start at the nodes 1.1, 1.2 2.1, 1.3 and 1.4.

2. (5 points.) Write the normal form of the sub-game that starts at at node 1.2. Find the Nash equilibria (in
pure and mixed strategies) of this sub-game.

Solution: The normal form of the sub-game that starts at at node 1.2 is,

c 2
D1

W=

There are two NE in pure strategies: (C,G) with payoffs (2,5) and (D, H) with payoffs (3,1). In addition,
there is mized strateqy NFE

levin) (Ca+vlm

2 27 )7\3 3

5 5
U1 = — Uo = —
1 3’ 2 2

with payoffs

3. (5 points.) Write the normal form of the sub-game that starts at at node 2.1. Find the Nash equilibria in
pure strategies of this sub-game.

Solution: The normal form of the sub-game that starts at at node 2 — 1 is,

E F
IK [5/2,3] 0,3
IL [5/2,3] 3.2
JK | 1.4 | 0.3
JL|[ 1,4 | 3.2




There are two NE in pure strategies: (1K, E) with payoffs (%,3) and (IL, E) with payoffs (%,3).

. (10 points.) Find the pure strategy sub-game perfect Nash equilibria of the complete game.

Solution: In the subgame that starts at node 2.1, only the NE (IL, K) is SPNE. We substitute the payoffs of
the SPNE of the subgame that starts at node 2.1 and the (three) payoffs of the NE of the game that starts at
node 1.2. We obtain the three following games.

For each of the NE of the game

1.1 1.1 1.1

o/ o :

(5.3 (53) (2,5)

Sy

A

’3) (37 1)

sy

(

[\el[S3

,3)

(

oot

Let us write an strategy as ((1.1,1.2,1.3,1.4),(2.1,2.2)). We obtain The following SPNE

(a) ((B, (%C + %D) ,I,L) ; (%G + %H, E)), with payoffs (6,2), with payoffs u; = g, ug = 3.
(b) ((B,C,I,L);(G, E)), with payoffs u; = 5, up = 3.
(c) (A, D,I,L);(H, E)), with payoffs u1 = 3, uz = 1.

Exercise 4: In A relationship, partner A cares about partner B. Partner A has a wealth of w; = 10 which it
distributes between own consumption w; — x and a transfer z to B. Partner B has a wealth of ws, to which it adds
the transfer x received from A. Partner B divides the total amount ws + x Between gambling y and illegal drugs
Z=wa +x—Y.

The utility function of B is us(y,2) = Iny + Inz, where y is the amount spent on gambling and z is the amount
spent on illegal drugs. The utility function of A is ui(z;y, 2) = (1 — a) In(wy — x) + aus(y, 2), where wy; — x is A’s
consumption. That is, A cares also about the welfare of B. Here, 0.1 < a < 1 is the parameter of altruism of A
towards B. First, A decides the transfer x to B, and then B decides its own consumption Bundle.

(a) (5 points.) Describe the situation as a sequential game and find the SPNE. Compute (only) the utility of player

B. (The solution depends on a and ws).

Solution: The game is



u(x,y)=1—-a)In(10 —x) +alny + aln(w, + x — y)
ug(x,y) =lny +In(w, +x —y)

Best reply of B:

I
2
Plug in into the utility of player 1:
ua(z, (we +)/2) = (1—a)ln(10—2z)+aln <w22—|—x> +aln <w2 +x— w22—|—x>

(1—a)ln (10 — ) + 2aln <w22+x)

Best reply of A:

_ 20a — wa + aws « watz*  a(20 +wy)

*

S D R
Utility of player B:
wy + x* a(10 + wo)
yt) =21 =2In|{ ———=
o) = (B2 < (202

(5 points.) Suppose wy = 1, a = 1/5. What is the utility of B in the SPNE? Suppose if B buys flowers to A,
then a increases from 1/5 to 1/2. How much would B be willing to pay for the flowers?

Solution: Plugging we =1, a = 1/5, we obtain,

. x 1 11
up x,y;wgzl,a:5 =2In 5

Suppose B pays x to increase a from 1/5 to 1/2. Plugging we =1 —x, a = 1/2 we obtain,

1 11—
up <x*,y*;w2 =1—-z,a= 2) :2111( 3 x)

The mazimum amount x that B would be willing to pay for the flowers satisfies
11 11—z

So,



