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Abstract

In a general interdependent preference environment, we characterize when two payoff types
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A social choice function - mapping payoff type profiles to outcomes - can be robustly virtually
implemented if there exists a mechanism such that every equilibrium on every type space achieves
an outcome arbitrarily close to the social choice function: this definition is equivalent to requiring
virtual implementation in iterated deletion of strategies that are strictly dominated for all beliefs.
The social choice function is robustly measurable if strategically indistinguishable types receive
the same allocation. We show that ex post incentive compatibility and robust measurability

are necessary and sufficient for robust virtual implementation.

KEYWORDS: Mechanism Design, Virtual Implementation, Robust Implementation, Rationaliz-

ability, Ex-Post Incentive Compatibility.

JEL CLASSIFICATION: C79, D82

*This research is partially supported by NSF Grants #CNS 0428422 and #SES-0518929. We are grateful for
discussions with Dilip Abreu, Faruk Gul, Matt Jackson, Eric Maskin, Wolfgang Pesendorfer, Phil Reny, Roberto
Serrano and seminar audiences at Chicago, IMPA, Georgetown, NUS, Penn, Princeton, Rice, Rutgers and UT
Austin. This paper incorporates and replaces some preliminary results on robust virtual implementation appearing

in Bergemann and Morris (2005b).
tDepartment of Economics, Yale University, Hillhouse Avenue, New Haven, CT 06511, dirk.bergemann@yale.edu.
#Department of Economics, Princeton University, Prospect Street, Princeton NJ 08544, smorris@princeton.edu.



1 Introduction

Preferences are assumed to be interdependent for informational or psychological reasons in many
areas of economics. But there has been little attempt to identify what are the observable impli-
cations of such preferences. A classic and well developed “revealed preference” theory underlies
economists’ way of understanding individual choice. An analogous strategic revealed preference
understanding of interdependent preferences is required. This paper proposes an approach to this
question.

Fix an interdependent preferences environment, with a finite set of agents, each with a finite
set of possible payoff types, with expected utility preferences over lotteries depending on the whole
profile of types. Say that two payoff types of an agent are strategically distinguishable if they have
disjoint rationalizable strategic choices in some finite game for all possible beliefs and higher order
beliefs about others’ types. Thus a pair of payoff types are strategically indistinguishable if in
every game, there exists some action which each type might rationally choose given some beliefs
and higher order beliefs. We are able to provide an exact and insightful characterization of strategic
distinguishability. If we have sets of types, ¥; and Wq, of agents 1 and 2, respectively, we say that
W, separates W, if knowing agent 1’s preferences and knowing that agent 1 is sure that agent 2’s
type is in Wq, we can rule out at least one type of agent 1. Now consider an iterative process where
we start, for each agent, with all subsets of his type set and - at each round - delete subsets of
actions that are separated by every remaining subset of types of his opponents. A pair of types are
said to be pairwise inseparable if the set consisting of that pair of types survives this process. We
show that two types are strategically indistinguishable if and only if they are pairwise inseparable.

If there are private values and every type is value distinguished, then every pair of types will be
pairwise separable and thus strategically distinguishable. Thus strategic indistinguishability arises
when the degree of interdependence in preferences is large. We can illustrate this with a simple
example. Suppose that agent i’s payoff type is 0; € [0, 1] and agent ¢’s valuation of a private good

is 0; +~ Z ;. Each agent has quasilinear utility, i.e., his utility from money is linear and additive.
J#i
We show all distinct pairs of types are strategically distinguishable if |y| < ﬁ where [ is the

number of agents. All pairs of types are strategically indistinguishable if |y| > ﬁ
Strategic distinguishability is key in characterizing when robust virtual implementation is possi-
ble. Suppose that a social planner would like to design a mechanism that will induce self-interested

agents to make strategic choices that will lead to the selection of socially desirable outcomes. A



social choice function specifies the social desired outcomes as a function of unobserved payoff types
of the agents. The planner would like to be sure that outcomes specified by the social choice
function arise with probability arbitrarily close to 1: thus she requires virtual implementation; she
would like every possible equilibrium to virtually implement the social choice function: thus she
requires full implementation; and she would like every equilibrium to virtually implement the social
choice function whatever the agents’ beliefs and higher order beliefs about others’ types; thus she
requires robust implementation. In this paper, we provide a characterization of when robust virtual
implementation is possible in a general interdependent preference environment.

One necessary condition for robust virtual implementation will be ex post incentive compatibil-
ity: under the social choice function, each agent must have an incentive to truthfully report his
type if others’ report their types truthfully, whatever their types. Ex post incentive compatibility is
sufficient to ensure the existence of desirable equilibria, but, as the existing incomplete information
implementation literature has emphasized, further restrictions on the social choice function are
required to rule out other, undesirable, equilibria. If a mechanism is to fully implement a social
choice function, it must be that two types who are treated differently by the social choice function
are guaranteed to behave differently in the implementing mechanism. If two types are guaranteed
to behave differently in the implementing mechanism, then - under our definition outlined above -
they are strategically distinguishable. Thus a second necessary condition for robust virtual imple-
mentation will be robust measurability: strategically indistinguishable types are treated the same by
the social choice function. We show that ex post incentive compatibility and robust measurability
are also sufficient for robust virtual implementation (under an economic assumption).

Our characterization result for strategic distinguishability (theorem 1) comes in two parts. If
two types of an agent are pairwise inseparable, then they belong to a set of types which are not
separable by a profile of sets of types of that agent’s opponents. The set of types of each opponent
in that profile is then not separable by a profile of sets of types of that opponent’s opponents. And
there is a continuing chain of inseparable sets in the chain. We prove that pairwise inseparable types
are strategically indistinguishable (proposition 1) by induction, showing that in any mechanism at
any round in the iterated deletion of messages that are never best responses and for every set
of types in the chain of inseparable type sets, there is a common action which is played. The
inseparability property ensures that we can always construct beliefs for each type that make the
same message a best response.

To show the converse result (proposition 2), we construct a single, finite maximally revealing



mechanism with the property that all pairwise separable types have disjoint sets of rationalizable
actions. The construction exploits the linearity of expected utility preferences and duality theory.
Whenever a set of types of one agent is separated by a profile of sets of types of other agents, we
are able to construct a finite set of lotteries such that knowing the first agent’s preference over
those lotteries will always rule out at least one of his types. We can take the union over all such
finite sets constructed for each profile of type sets where the separability property holds. We then
construct a finite “test set” of lotteries such that knowing an agent’s most preferred outcome in
that test set implicitly reveals his ranking of outcomes in all the original sets. Finally, we consider
a mechanism where each agent gets to pick a lottery with some positive probability, then guesses
which lotteries others chose and gets to pick another lottery, with small probability, contingent on
other agents making the choice he conjectured, and so on. With a large, but finite, number of
rounds this mechanism will eventually lead pairwise separable types to make distinct choices.

Our proof of the sufficiency of ex post incentive compatibility and robust measurability (corol-
lary 1) for robust virtual implementation builds on an ingenious construction used by Abreu and
Matsushima (1992b) to establish an extremely permissive result for complete information virtual
implementation; in Abreu and Matsushima (1992c), they adapted the argument to a standard
Bayesian virtual implementation problem; we in turn adapt the argument to our robust virtual
implementation problem.

While our sufficiency argument for robust virtual implementation builds on Abreu and Mat-
sushima (1992c¢), the interpretation of our results ends up being rather different. Abreu and Mat-
sushima (1992c) characterized virtual implementation in a standard Bayesian environment, where
there was common knowledge of a common prior over a fixed set of types, using the solution con-
cept of iterated deletion of strictly dominated strategies and restricting attention to well-behaved
(finite) mechanisms. Bayesian incentive compatibility of the social choice function is a necessary
condition: a standard compactness argument shows that the weakening to virtual implementation
does not weaken the incentive compatibility requirement. In addition, they showed that a measur-
ability condition was necessary. Put each agent’s types into equivalence classes that have the same
preferences over outcomes - unconditional on other agents’ types. Having distinguished some types
by their unconditional preferences, we can then further refine agents’ types, by distinguishing types
with different preferences conditional on other agents’ types in the first round. We can continue this
process of refining agents’ types based on preferences conditional on other agents’ types revealed so

far. The social choice function is Abreu-Matsushima measurable if it is measurable with respect to



the limit of this iterative refinement. This seems to be a weak restriction that is generically satis-
fied.! They show that Bayesian incentive compatibility and Abreu-Matsushima measurability are
sufficient as well as necessary for virtual implementation in iterated deletion of strictly dominated
strategies.

Robust virtual implementation is equivalent to requiring that there is a single mechanism that
implements a social choice function, for all possible type spaces that could be constructed for the
environment with fixed payoff types and utility functions for the agents. It is instructive to see
how to get from Abreu and Matsushima (1992c) to the robust virtual implementation results in
this paper.

Observe that Abreu and Matsushima (1992c)’s solution concept naturally uses agents’ given
beliefs about others’ types in their solution concept: when strategies are deleted, it is because they
are strictly dominated conditional on their beliefs. We want implementation for all possible beliefs;
we therefore establish our results under an incomplete information version of rationalizability that
does not make use of any beliefs over others’ types; it is equivalent to iteratively deleting strategies
that are ex post strictly dominated, i.e., strictly dominated for all possible beliefs over others’ types.
We work with this solution concept throughout the paper. However, results from the epistemic
foundations of game theory establish that an action is rationalizable in this sense for a payoff type
if and only if it could be played in an equilibrium on some type space with beliefs and higher
order beliefs, by a type with that payoff type (Brandenburger and Dekel (1987) and Battigalli
and Siniscalchi (2003)). Thus a bonus of our “robust” analysis is that the distinction between
equilibrium and rationalizability (or iterated deletion of strictly dominated strategies) becomes
moot.

Now ex post incentive compatibility is the robust analogue of Bayesian incentive compatibility
and robust measurability is the robust analogue of Abreu-Matsushima measurability. Abreu and
Matsushima (1992¢) could reasonably argue that - in a standard Bayesian setting - their measur-
ability condition is a weak technical requirement.? As a result, the “bottom line” of the virtual

implementation literature has been that full implementation, i.e., getting rid of undesirable equilib-

! Abreu and Matsushima (1992c) and Serrano and Vohra (2005) note that a simple sufficient condition for all
social choice functions to be A-M measurable is type diversity: every type has distinct preferences over lotteries

unconditional on others’ types.
2 Although Serrano and Vohra (2001) describe an economic example where all individually rational and Bayesian

incentive compatible social choice functions fail Abreu-Matsushima measurability because types have identical con-

ditional preferences.



ria, does not impose any substantive constraints beyond incentive compatibility, i.e., the existence
of desirable equilibria. By requiring the more demanding, but more plausible, robust formulation of
incomplete information, we end up with a condition that is substantive, imposing significantly more
structure in interdependent value environments than incentive compatibility, easily interpretable
and - via the relation to strategic distinguishability - of independent conceptual interest.

This paper adds to a recent literature on robust mechanism design that provides one opera-
tionalization of the so-called “Wilson doctrine”3 that progress in practical mechanism design will
come from relaxing the implicit common knowledge assumption in the formulation of mechanism
design problems.* Neeman (2004) highlighted the fact that full surplus extraction with correlated
type results (Myerson (1981) and Cremer and McLean (1985)) rely on the implicit assumption
that there is common knowledge of a mapping from beliefs to payoff types of all agents (a “beliefs
determine preferences” property). This (counterintuitive) assumption is implied by the “generic”
choice of a common prior on a fixed type space where distinct types are assumed to have different
preferences. The apparent weakness of the Abreu-Matsushima measurability condition (and the
fact that it is satisfied for “generic” priors) relies on the same property. We believe that by relaxing
this unnatural implicit assumption, we get a better insight into the nature of the extra requirement
for full implementation over and above incentive compatibility conditions.

Our operationalization of the “Wilson doctrine” is rather strong: we put no restrictions on
agents’ beliefs and higher order beliefs. A recent paper of Artemov, Kunimoto, and Serrano (2007)
examines what happens to the conditions for robust virtual implementation if the planner is given
partial information about agents’ beliefs, in particular, a subset of beliefs over others’ payoffs types
that can arise with each payoff type. We discuss this intermediate robustness approach in section
6.1.

It is possible to interpret our result as rather negative: ex post incentive compatibility is already
a very strong condition, as emphasized by the recent work of Jehiel, Moldovanu, Meyer-Ter-Vehn,
and Zame (2006);5 robust measurability adds the further substantive restriction that there not be

too much interdependence of preferences; and, in any case, the mechanism that we use to robustly

3Wilson (1987) contains a statement of what Eric Maskin has dubbed the “Wilson doctrine”.
“Neeman (2004), Bergemann and Morris (2005c), Heifetz and Neeman (2006), Chung and Ely (2007).
% Although we argue in Bergemann and Morris (2005a) that ex post incentive compatibility is feasible in many

economically important environments either because types are one dimensional or because natural economic features
of the environment lead to a failure of the “generic” properties that lead to the non-existence of non-trivial ex post

incentive compatible social choice functions in Jehiel, Moldovanu, Meyer-Ter-Vehn, and Zame (2006).



virtually implement social choice functions is complicated to describe and presumably hard to
play. However, we can show that in one large and interesting class of economic environments with
interdependent preferences, robust virtual implementation is not only possible but is possible in
the direct mechanism where agents simply report their payoff types. Say that an environment has
aggregator single crossing preferences if the profile of agents’ types can be aggregated into a single
number and preferences are single crossing with respect to that number. Efficient social choice
functions satisfying ex post incentive compatibility often exist in such environments. Bergemann
and Morris (2005a) showed that in such an environment, exact robust implementation is possible if
the social choice function satisfies strict ex post incentive compatibility and a contraction property.
In this paper, we observe that the contraction property is equivalent to robust measurability, so
that - under the weak condition that there exists some strictly ex post incentive compatible social
choice function - whenever robust virtual implementation is possible, it is possible in the direct
mechanism.

We believe that our notion of strategic distinguishability is of interest apart from its importance
for robust virtual implementation. Two rational payoff types are strategically indistinguishable if
they might choose the same action (in any game). We will show that this strategic revealed
preference relation on payoff types is key to the implementation problem, when one cannot allow
for the possibility of two distinct types behaving the same in every mechanism. But say that two
payoff types are strategically equivalent if the sets of actions they might choose are the same (in
any game). In other words, two types are strategically equivalent if they have the same set of
rationalizable actions in every game. Strategic distinguishability is a coarser notion than strategic
equivalence; for example, in the linear example described in the opening paragraphs, no distinct
types are strategically equivalent. If two rational payoff types are strategically equivalent, it is
not possible that they will behave differently in any game. Strategic equivalence is the relevant
strategic revealed preference notion if one is interested in identifying the finest behaviorally relevant
description of agents’ interdependent types. A version of this latter question has been studied by
Gul and Pesendorfer (2007).5 However, we do not pursue alternative motivations for characterizing
strategic distinguishability in this paper.

The remainder of the paper is organized as follows. Section 2 introduces the environment and

5Gul and Pesendorfer (2007) do not explicitly allow for uncertainty or incorporate strategic choices. We charac-
terize the stronger notion of strategic equivalence in our environment, and discuss the relation to Gul and Pesendorfer

(2007) in more detail, in the working paper version of this paper, Bergemann and Morris (2007).



the solution concept. Section 3 illustrates the notion of separability in the context of a single
private good with interdependent preferences. Section 4 defines and characterizes strategic dis-
tinguishability and presents the construction of the maximally revealing mechanism to show the
equivalence between strategic distinguishability and pairwise separability. Section 5 reports our
results on robust virtual implementation. Section 6 contains discussion of intermediate notions of
robustness, the epistemic foundations for the solution concept, weak rather than strict dominance,
positive results in the direct mechanisms and the relation to exact implementation results. Section

7 concludes.

2 Setting

2.1 Environment

There is a finite set of agents 1, ..., I and each agent ¢ has finite set of possible payoff types:

0, = {eg, b 9L}
We assume without loss of generality that the cardinality of each set ©; is equal to L for all 7. The
finite set X of pure outcomes is given by

X =A{x1,..,Tpn, .., TN} .

The lottery space over the set of outcome is Y = A (X). A lottery y is an N dimensional vector

Y= (Y1, Yn, -, yn) with
N
Yn >0, yn = 1.
n=1

FEach agent has a von Neumann Morgenstern expected utility function u; : Y x © — R with

N
n=1

We will abuse notation by writing x for the lottery putting probability 1 on outcome z and X for
the set of degenerate lotteries.
It is often convenient to work with underlying preferences over lotteries rather than any of their

representations. We write R for the collection of expected utility preference relations on Y. We



will write Ry, », € R for the preference relation of agent ¢ if his payoff type is ; and he has belief
Ai € A(©_;) about the types of others:

Yy €Y yRoay & Y (0w (y, (05,0-0) = > N Y (0:,0-4)) ;
977,'6@775 1667

and we write Py, 5, for the strict preference relation corresponding to Ry, »,.
We make a non-degeneracy assumption on preferences: every agent i, whatever his type 6; € ©;

and beliefs \; € A (©_;), has a strict preference over some pair of outcomes:

Assumption 1 (Non-Degeneracy)
For each i, 0; € ©; and \; € A(©_;), there exist x,x’ € X such that xPp, y,z'.

We maintain this assumption throughout the paper.” We denote by 7 the central lottery which
puts equal probability on each of the pure outcomes. Now non-degeneracy implies that every agent
i, whatever his type 6; and beliefs \; € A (©_;), strictly prefers some pure outcome z to 7; and

compactness implies that those strict preferences are uniformly strict:

Lemma 1 There exists ¢ > 0 such that, for each i, 0; € ©; and \; € A (©_;), there exists x € X
such that

S 2, (05,0-0)) > Y Ni(0-i)ui (7 (05,0-0)) +

0_,€0_; 0_,€0_;

The lemma is proved in appendix and we will use ¢ in our later constructions. We will also
exploit the existence of an upper bound on payoff differences C' which follows immediately from

the finiteness of pure outcomes and states:
Lemma 2 There exists C > 0 such that
lui (y,0) —w; (y,0)] < C,

for all i,y,v',0.

TOur results can be extended to allow for non-degeneracy as shown in the appendix of the working paper version,

Bergemann and Morris (2007).



2.2 Mechanisms and Solution Concept

A mechanism M is a collection ((MZ)ZI:1 ,g) where each M; is finite and g : M — Y. We denote a
belief of agent ¢ over the product of payoff type and message spaces of the other agents by

;€ A(@,Z X M,Z) .

We consider the process of iteratively eliminating never best responses, without making assumptions
on agents’ beliefs about others’ payoff types. The set of messages surviving the k—th level of

elimination for type #; in mechanism M are iteratively defined by
S0 (0:) = M,
and, for each £k = 0,1, ...
Jp; € AO_; x M_;) s.t.:

Si/\/t,k+1 (0) = { my € S;M,k (6:) (1) p; (O—j,m_3) >0=>m_; € Si\/il’k (0-5)
(2) m; € argmax Z 2 (Q*ia m*i) Ug (g (m;, m*i) ) (917 971))
m; 0_;m_;

we let
M (0:) = [ 57" 6:).
k>0
We refer to SM (6;) as the rationalizable messages of type 6; of agent 4 in mechanism M. This
incomplete information version of rationalizability was studied in Battigalli (1998) and Battigalli
and Siniscalchi (2003). A standard and well known duality argument implies that this solution
concept is equivalent to iterated deletion of ex post strictly dominated strategies.

SM (6,) is the set of messages that type ; might send consistent with knowing that his payoff
type is 6;, common knowledge of rationality and the set of possible payoff types of the other agents,
but no restrictions on his beliefs and higher order beliefs about other types. Equivalently, it is the
set of messages that might be played in any equilibrium on any type space by a type of agent
with payoff type 6; and any possible beliefs and higher order beliefs about others’ payoff types. In
section 6.2, we report a formal argument confirming this interpretation. In the body of the paper,

we work directly with this solution concept.

2.3 Separability

We will be interested in the set of preferences that an agent might have if his payoff type is 6; and
he knows that the type 0; of each opponent j belongs to some subset ¥; of his possible types ©;.

10



Thus writing ¥_; = {¥; }j i for a profile of subsets of i’s opponents, we define
Ri (0, V_;) ={R € R|R = Ry, , for some \; € A(V_;)}.

Now suppose we observed i’s preferences over lotteries and knew that ¢ assigned probability 1 to
his opponents’ type profile §_; being an element of ¥_;, what would we be able to deduce about
1’s type? We will say that ¥_; separates ¥; if - whatever those realized preferences - we could rule

out at least one possible type of i.

Definition 1 (Separation)
Type set profile W_; separates V; if
N Ri(0:,9_)=2.
0;c¥;
We will be interested in a process by which we iteratively delete type sets of each agent that are
separated by some type set profile of his opponents. Thus writing Ef for the kth level inseparable
sets of agent i, we have:

20 = 29, (1)

and

[1]

kel — {\IJz € Ef | U_; does not separate U;, for some ¥_; € E’il} , (2)

7
and a (finite) limit type set profile is defined by:
= =k
B = ﬂ =i (3)
E>0
Finally, we say that a pair of types are pairwise inseparable if they cannot be iteratively sepa-

rated in this way:

Definition 2 (Pairwise Inseparability)

Types 0; and 0} are pairwise inseparable, written 0; ~ 0%, if {Hi, 9;} €=,

Note that the relation ~ is reflexive and symmetric by construction, but it is not necessarily

transitive. The following “fixed point” characterization of pairwise inseparability will be useful in
1

the analysis that follows. Let = = (Ei)le € xi:12@i be a profile of type sets for each agent.

Definition 3 (Mutual Inseparability)
= is mutually inseparable if, for each i and V; € =;, there exists V_; € =_; such that V_; does not

separate U;.

11



Lemma 3 Types 0; and 0 are pairwise inseparable if and only if there exists mutually inseparable

== (Ei)le and VU; € Z; with {9“0;} Cv,.
~ NI ~
Proof. (if) Suppose there exists = = <EZ> . and ¥; € Z; with {91-,9;} C W¥;. We claim that
1=
{w

for each £ = 0,1, ... . The claim holds for £ = 0 by definition. Suppose the claim holds for arbitrary

U, C U, and U, € E; for some \I!;} c =k,

k and suppose that ¥; C ¥/ and ¥, € éz Because = is mutually inseparable, there exists ¥_; €
Z.,C ZF such that ¥_; does not separate W’. By the definition of separation, since ¥; C W/, W_,;
does not separate ¥;. So ¥; € Ef“ and

k>0
. ,:k+1 ':'k _ . — I .
(only if) Observe that =77 C =7 for each & = 0,1,... by construction. Thus (Zf),_, is
mutually inseparable. Thus if 6; ~ 6, there exists mutually inseparable Z* with {6;,6;} € . =

3 An Environment with Interdependent Values for a Single Good

We consider a quasi-linear environment with a single good with interdependent values to illustrate
the notion of separability. There are I agents and agent i’s payoff type is 6; € [0,1]. If the type
profile is 6, agent ¢’s valuation of an object is given by:
vi (05,0-5) = 0;+ 7 0,
J#i
with v € Ry. The parameter v measures the amount of interdependence in valuations: the case of
private values is given by v = 0 and the case of pure common values is v = 1. The net utility of

agent ¢ depends on his probability y; of receiving the object and the monetary transfer t;:
Usj (H,yuti) =160;+ ’yZHj Yi — ;.
J#i

We determine the conditions for separability of types in this preference environment.®

8The example has a continuum of types and a continuum of deterministic monetary allocations. In contrast, the
general model is defined for a finite number of types and pure outcomes. We could rewrite the example and the
corresponding results without loss in the finite setting. With a finite model, integer problems would need to be taken
into account in deriving the inequalities to make sure that the process of elimination proceeds. In particular, the
exact value of the critical threshold for interdependence, to be determined below, would depend on the size of the

grid. Naturally, as the grid becomes finer, the critical thresholds converge to the ones of the continuous example here.

12



Type set profile ¥_; separates V¥, if, knowing i’s preferences and knowing that he is sure that
others’ type profile is ¥_;, we can always rule out some ;. In this example, because the utility
function w; (-) is linear in the monetary transfer for all types and all agents, separability must come
from different valuations of the object. For given type set profile ¥_; of all but ¢, we can identify

the set of possible (expected) valuations of agent i with type 6; by writing:

Vi (91, \I’,Z) =< eRy N e A (\I’,Z) s.t. v, =0; + y Z i (971) 2(9]
0_;c¥_; J#i

With the linear structure of the valuation functions v; (+), it suffices to look at the smallest and

largest element in the set ¥_;. We write
min¥; £ min {0;]0; € ¥;} and maxV¥; £ max{6;|0, € ¥;}
and can write the above set V; (0;, ¥_;) as:
Vi (0;,V_;) = 9i+72min\11j, Qi—l—WZmax\I!j . (4)
j#i i
Now W_; separates V¥, if and only if

ﬂ \% (9“ \I’_i) = .
0,ev;

This is equivalent to requiring that
Vi (max U, U_))NV; (min¥;, ¥_;) = &.
By (4), this will hold if and only if

max U, —|—fyZmin\Pj > min ¥; —&—fyZmaX\Ilj.
J#1 J#i
We can rewrite the inequality as
max ¥; —min ¥; > v Z (max ¥; — min ¥y) .
J#i
Thus W_; separates W, if and only if the difference between the smallest and the largest element in

the set U; is larger than the weighted sum of the differences of the smallest and the largest element

13



in the remaining sets ¥, for all j # i. Conversely, ¥_; does not separate ¥; if the above inequality
is reversed, i.e.,

max U; — min ¥; <+ Z (max ¥; —min ;). (5)
J#i

Now we can identify the kth level inseparable sets, described in (1)-(3), for our example. We have

=0 0,1

and, by (5),

skl =y, e Ef max¥; —min¥; < ')/Z max (maxW¥; —min¥;) 5,

t c=k
i 1S

Now by induction, we have that

—k+1 __ {\I’
=5 - i

7

max ¥; — min ¥U; < (v (I — 1))k}

Thus if v (I — 1) < 1, E consists of singletons, ZF = ({0:}),c[0,1), while if v (I — 1) > 1, =7 consists
of all subsets, =f = 2l0.1]

Thus if v < I—ll, so that interdependence is not too large, every distinct pair of types are pairwise
separable. If v > Ii—l, every pair of types are pairwise inseparable. We note that the linear structure
of the valuations v; () leads to the strong converse result. But the example illustrates the general

principle that pairwise separability corresponds to moderate interdependence.’

1

Our later results will show that if v > =,

no social choice function (except for a constant one)
is robustly virtually implementable; but if v < ﬁ, any ex post incentive compatible allocation
can be robustly virtually implemented. One can construct generalized VCG payments such that
efficient allocation is ex post incentive compatible in this environment if v < 1 (Cremer and
McLean (1988), Dasgupta and Maskin (2000)). Thus the efficient allocation is robustly virtually

implementable if and only if v < 1%1 We return to this example, after describing our results for

general environments, in section 6.4.1°

9This observation can be straightforwardly extended to v < 0, i.e., negative interdependence in preferences; now

1
=1
Tn fact, robust virtual implementation is possible in the direct mechanism. Chung and Ely (2001) first identified

if |[y| < ﬁ, all distinct pairs of types are pairwise separable; if |y| > all pairs of types are pairwise inseparable.

this condition as sufficient for (exact) implementation of the efficient outcome in iterated deletion of weakly dominated

strategies. We discuss the relation in section 6.3.
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Our result on robust virtual implementation in this environment will contrast with what would
happen with standard Bayesian implementation. Suppose we assumed there was common knowl-
edge of a common prior on the set of payoff types [0, 1]1. Suppose first that agents’ types were
drawn independently. Then each type would have different expected valuations of the object and
could easily be separated. Even if priors were not independent, for a “typical” choice of prior, the
measurability condition of Abreu and Matsushima (1992b) and Bayesian virtual implementation
would be possible as long as incentive compatibility conditions were satisfied. Ex post incentive
compatibility (and thus Bayesian incentive compatibility for any prior) is satisfied by the efficient

allocation if v < 1.

4 Strategic Distinguishability

4.1 Definition

Two payoff types are strategically distinguishable if there exists a mechanism where the rationaliz-
able actions of those payoff types are disjoint; thus they are strategically indistinguishable if they

have a rationalizable action in common in every mechanism.

Definition 4 (Strategically Indistinguishable)
Types 0; and 0 are strategically indistinguishable if SM (0;) N S™M (9;) # & for every M.

We have two reasons for being interested in characterizing strategic distinguishability.

First, our characterization of strategic distinguishability is the key step in our characterization
of robust virtual implementation, described in the next section.

Second, assumptions of interdependence of preferences for informational or psychological rea-
sons are prevalent in many areas of economics, but there has been little attempt to identify what
are the observable implications of such preferences. A classic and well developed “revealed prefer-
ence” theory underlies economists’ way of understanding individual choice. An analogous strategic
revealed preference approach to understanding interdependent preferences is required. We believe
that our characterization of “strategic distinguishability” delivers some clean insights about strate-
gic revealed preferences in the setting of this paper and may be a useful component of a more
general approach to the question. However, we postpone discussion of a more general approach for

future research.
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Gul and Pesendorfer (2007) identify the minimal language to describe the interdependence of
preferences of “behavioral” types and use it to construct the “canonical space for behavioral types.”
Types in the canonical space are characterized by how their preferences can be restricted given
information about others’ preferences, and higher order conditional statements about preferences.
This has a similar flavor to our construction. There are a number of ways in which our frameworks
differ. We incorporate uncertainty with expected utility preferences about others’ types. We
analyze revealed (interdependent) preferences based on rationalizable strategic behavior, while Gul
and Pesendorfer (2007) do not discuss strategic considerations in constructing the language). We
characterize when two payoff types could always be distinguished - whatever their beliefs or higher
order beliefs - in some (sufficiently complicated) mechanism. We would obtain a finer partition
of types if we asked when two types could ever be distinguished, and this finer partition is the
relevant analogue to the canonical behavioral types of Gul and Pesendorfer (2007). We discuss this
latter point - and the relation to Gul and Pesendorfer (2007) more generally - in the working paper

version of this paper, Bergemann and Morris (2007).

4.2 Main Result

The main innovation of this paper is the following characterization of strategic indistinguishability.

Theorem 1 (Equivalence)

Types 0; and 0 are strategically indistinguishable if and only if they are pairwise inseparable.

This result will be proved in two parts. First, proposition 1 shows that under any finite mecha-
nism, if §; and 0} are pairwise inseparable, then the intersection of the set of rationalizable messages

for 6; and 0 will always be non-empty. This observation follows easily from our definitions.

Proposition 1

If 0; and 0; are pairwise inseparable (0; ~ 0}), then SM (6;) N SM (0;) £ & in any mechanism M.

Proof. By lemma 3, if 6; ~ 6}, there exists mutually inseparable Z with {6;,60;} C U} € Z;.

Now fix any mechanism M. We will show, by induction on k, that for each k, ¢ and ¥; € Z;,
there exists mf (U;) € M; such that mf (U;) € S;Vl’k (Aéz) for each 51 € W,;. This is true by definition
for £ = 0. Suppose that it is true for k. Now fix any ¢ and ¥; € Z;. Since = is mutually inseparable,
there exists ¥_; € Z_;, R and, for each Aél c v, )\?i € A(V_;) such that ng\gi = R. Now let

i
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mf“ (¥;) be any optimal message of agent 7 when he believes that his opponents will sent message
profile m* ; (¥_;) with probability 1 and has beliefs )\?i about the type profile of his opponents, i.e.,

mf (W) € arg r?axz )\?i (0_;) u; (g (mé,m’iZ (\Il_z)> , <5z, 9_i>> .

m} 0_;

By construction, mf“ (¥;) € SiM’kH <5Z) for all §; € ;.
By the finiteness of the mechanism, there exists K such that S{M ok (50 = S%M (51) for all 4, 52
and k > K. Thus for each ¥; € Z;, there exists m; (¥;) € M; such that m; (¥;) € SZM (52) for

cach §; € W}, Thus there exists m; € SM (6;,) N SM (6;). m

The second part of the theorem’s proof is the converse result.

Proposition 2 (Existence of Maximally Revealing Mechanism)

There exists M* such that 0; = 0 = SM™ (0;) N SM™ (0)) = o.

Propositions 1 and 2 immediately imply theorem 1. Proposition 2 is proved by the explicit
construction of a mechanism which will lead every pair of distinguishable types to choose different
messages. We refer to the specific mechanism as the “maximally revealing mechanism”, and spend

the rest of this section describing its construction and finding its properties.

4.3 The Maximally Revealing Mechanism

We will construct a mechanism that will work for any environment. In the canonical mechanism,
each agent is given K simultaneous opportunities to select a preferred allocation from a given “test
set” of allocations. For each opportunity k to select a preferred allocation, with k = 1, ..., K, the
agent is asked to report a profile of possible choices by the remaining agents in the opportunities
preceding the k-th opportunity. If the report of the agent at opportunity k matches the choices of
the other agents in the opportunities below &, then he will be given the right to choose a preferred
allocation. On the other hand, if his report fails to replicate the choices of the other agents in
the opportunities before k, then the designer will simply select the central lottery . While the
mechanism is entirely static, it requires each agent to make a series of choices, each one contingent
on the choices of the other agents. In particular, by asking the agent at opportunity & to match his
report with the choices of the other agents at the opportunities before k, we introduce an inductive
structure into the series of choices by each agent. We therefore refer to the k-th opportunity as the

k-th stage or k-th step of the mechanism even though the mechanism itself is entirely static.
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The central aspect of the inductive structure of the choice mechanism is that it allows us
to analyze the behavior of the agent in the mechanism in terms of the iterative elimination of
dominated strategies. The precise construction of the choice mechanism is based on two central
concepts, the notion of a test set and the notion of an augmentation of a given mechanism. A test
set will give each agent a finite set of choices and the choice behavior by the agent allows us to
distinguish between different types of the agent. The construction of the set of test allocations relies
on a few critical implications of our notion of separation. In turn, the notion of an augmentation
permits us to show that we can always construct a more informative mechanism on the basis of a

given mechanism.

4.3.1 Construction of the Maximally Revealing Mechanism

Fix a finite “test set” of lotteries Y*. The maximally revealing mechanism offers each agent ¢ a
number K of opportunities to select a preferred allocation from Y™*. The set of messages for each
agent in the maximally revealing mechanism is defined as follows. Let MZ-O = {m?} and inductively
define

MFY = MF x ME, < v

Thus MZO = {m?}, Mi1 = {ﬁ?} X Mgi X Y™, Mf = {m?} X Mgi x Y* XMii x Y™, and so on.
k+1

The message m; "~ of agent 7 in stage k + 1 thus reiterates his message from step £ and reports a
message profile of the remaining agents in the preceding stage k. Due to the inductive structure of

the messages, we can write a typical element mf of Mik as a list of the form

k 0,1 1.2 2 k ,k
mi = {miari7yiarivyi7"‘7ri7yi}7

with m? = m? and each Tf eM Z_l and each ylk' € Y*. The entry Tf constitutes the report of agent
1 regarding the message of the other agents in the previous round k — 1. The message set of agent
1 is then given by MZK .

The outcome function in the revealing mechanism is given by

1-eK1 (& !
e =g (e S () (7))
k=1 i=1

for some € > 0 and where I is the indicator function:

ek k—1
I (Tk mk_1> B 1, if r=m_,",
19 —g - .
0, otherwise.
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For a given £ > 0 and positive integer K, we refer to the (K, ¢) revealing mechanism as
MK,&‘ — (MK7gK’8) ) (6)

In words, the mechanism has K stages. In each stage k, an agent is asked to announce a stage k —1
message profile of messages he thinks his opponents might have sent and - with positive probability
- gets to pick a lottery from Y*. Lotteries from early rounds are much more likely to be chosen
than lotteries from later rounds. We can now analyze how the series of messages can iteratively

and interactively identify the types of each agent.

4.3.2 Characterizing Rationalizable Behavior for small ¢

For sufficiently small € > 0, an agent’s choice of message at the kth round will be independent
of what messages he thinks others will send at round k£ and higher and thus also independent
of K, the total number of rounds of messages that will be sent. We first propose an inductive
characterization of the set of types of agent ¢ who could possibly send kth round message mf We
then report two lemmas that we will use to verify that our proposed inductive characterization is
correct for sufficiently small e.

Write BY ™ (6, \;) for agent i’s most preferred lotteries in the set Y* if he has payoff type 6; and
beliefs \; € A (©_;) and (with a minor abuse of notation) let B) " (6;, ¥_;) be agent i’s possible
most preferred lotteries if he has payoff type 6; and assigns probability 1 to his opponents having
types in ¥_;, so that

BY ™ (0;, M) = {yey” | y Ro,», oy forally e Y*},

and
B (6,9-)= |J B (6:,0).
)\,‘EA(\I’_Z')

1

"

Let 63 (mll) be the set of types of agent ¢ who could possibly send first round message m
Since we will ignore later rounds, this will be independent of € and K. Taking these sets as given,
we will then find the set @? (mf) of types of agent ¢ who could possibly send second round message
m?. And so on. We will end up with an inductive characterization of the set @f (m?

) of types of

agent ¢ who could possibly send kth round message mf . Thus

@(i) (m?) =0,
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and inductively define @f (mf) as follows:

<i> 0 e@f Hmt )
o; (mf) =®; ((m"rkul)) = <0, () £ 25 and NG
<m> sbe By (0,85 ().

The set @f (mf) identifies the set of types of agent i for whom the message mf = (mf_l, rf , yf)
could be a “best response” in stage k, given that the messages in the previous rounds encoded a

“best response” in the test set Y*. The analysis of the limit behavior of @f (mk

Z) is heuristic in
the sense that the inductive process assumes the properties (ii) and (iii) in (7). In particular, it is
simply assumed that agent i in round k£ announces a past message profile of the remaining agents
which could have been sent by some type profile of the other agents, and it is simply assumed that
agent ¢ will select an allocation which is a best response to some belief in stage k.

We will use two preliminary results to establish formally that these sets characterize limit
behavior for small € and large K. The routine proofs are reported in the appendix. First, we
note that for any fixed finite mechanism M, when we iteratively delete messages that are not best

responses, they are uniformly worse responses, i.e., there exists 17,, > 0 such that each of those

deleted messages is not even an 7 ,,-best response.

Lemma 4 (Uniformly Worse Responses)
For any mechanism M, there exists nyg > 0 such that if m; € SiM’k (0;), m; ¢ SiM’kH (0;) and
w; € A(O_; x M_;) satisfies

p; (0—i;,m_;) >0=m; € Sj/-\/l’k (0;) for each j # 1,
then there exists my; such that

Z :ui(efivm*i)ui(g (ml7 ) (9179 ))

0_;m_;
> > i (0me) ui (g7 (ma,moi), (05,60-0)) + -
0_;m_;

Second, we use the uniform lower bound in stating a key result about “augmenting” mecha-
nisms. We use this “augmentation lemma” in the construction of both the maximally revealing
mechanism (in this section) and the canonical mechanism for robust virtual implementation (in the
next section). For each agent 4, fix finite message sets Mi0 and Mi1 and let M; = Mi0 X Mil. Fix
@ MY g M >Y andgt: M — Y.
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Lemma 5 (Augmentation)

Fiz 70,7t 7t >0, let g: M — Y be defined by
g(m) =x¢" (m°) +x'g! (m') +7Tg" (m),

and consider the mechanism
M= (M) 6")
and the augmented mechanism
M = ((Mi)le ,g) :
If nC < 7500, then

(m?,m}) € SM(6;) = m? € SM° (6;).

The lemma states that if the weight put on the original payoff function ¢° in the augmented
mechanism (7°) is much larger than the weight put on any other component of the mechanism
where m? effects the allocation (71), then any rationalizable message in the augmented mechanism
must entail sending a message m? that was rationalizable in the original mechanism.

We now show that these choices are indeed the result of iteratively elimination of strictly
dominated strategies. More precisely, we verify that @f (mf’
k

7

) is an upper bound on the set of types

who could send kth round message m” in any M*¢ for sufficiently small .

Lemma 6 (Limit)
Suppose that BY ™ (0;,\;) # Y* for each i, 0; and \; € A(©_;). Then, for each k, there exists € > 0
such that

{o:ce

mf e sM(0) ) < 87 (mf),
for all e <% and mf € Ml-k.
Proof. By induction. The claim of the lemma holds for £ = 0, since

{Hi € 0;

0,e —0
mf € sM"(0) } = 0, = 8] (m?).
Now suppose that the claim holds for k. Thus there exists g, > 0, such that

(2

{&e&

mf e M (91)} C @f (mk) for all e <& and mf € Mik.
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Now observe that M1 is an augmentation of M*¢ and thus - by lemma 5 - there exists

Zk+1 € (0,8k], such that for all € < &gy,

mktl — (mk rk"'l,yf""l) € SMHLE (0;) = mf € SMk"S (0;) . (8)

) (2RA )

Now by the inductive hypothesis, we also have

We observe that mf*! ¢ SMMEE(9.) also implies there must exist y; € A (@_Z- X Mff) such
that:
(9—17 k+1> >0 = mj L gMite (0;) for each j # 1

and:

mitt € argmax Z (0,“ k“) [ul (gk+1’€ (mf“,mljl) ,(91,97@'))} :

k41 2 rkt1
m;EM;TT g “mkaq

But note that <rf+1, nyrl) - the last components of m]-€+1 - effect only one additively separable

component of the above expression. In particular, ( ]?+1, yf“) must maximize:

> (0ot ) (o (o 0 0-0) —wi (5, 0,0-0)  (10)

k+1
0_;m"t

which we can rewrite as
ST ot (. 0000) ~0.0)
0_; {m’i‘fl ‘mﬁi:rf+1 }

The later expression is zero if

( k+1> Z Z <9_“ k+1> —0.

o [k =)
But if p; (rf“) > 0 and y*™ € BY" (6, \i), where
(972 kJrl)
k1), k _ k+l
A (0_) = e ) n
/
S bt

o . {mk'H‘m rf+1}
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then (10) must be strictly positive, by the premise of the lemma. Thus we must have (rf“, yf“)

chosen such that p, (rf“) > 0 and y¥* € BY" (0, \i). Now p; (rf“) > 0, (8) and the inductive
hypothesis imply that

e, (Tf“) # (11)
and

A€ A (@ ( kH)) and 351 € BY™ (0;,\;) . (12)

Now (9), (11) and (12) together imply that, for any m**! ¢ M (0:), 0; € @k—H (mf“). [

4.4 Constructing a Rich Enough Test Set

Finally, we show that if we choose the “test set” Y* to be sufficiently large so that lemma 6 will
imply that - for sufficiently small € > 0 and sufficiently large K - any pair of mutually separable

types are sending distinct messages in the (K, ¢) revealing mechanism.

Proposition 3 (Existence of Finite Test Set)
There exists a finite test set Y* CY such that:

1. for each i, 0; and \; € A(©_;), BY" (0;,\;) #Y*;

2. for each i, ¥; and V_;, if V_; separates V;, then for each 0; € ¥; and \; € A(V_;), there
exists 0, € U, such that
BY (6:;, M) N B (6,0 ;) = @.

The proof of proposition 3 is in the appendix. Now the proof of proposition 2 is completed by
the following lemma, establishing that the sets @f are closely related to kth level inseparable sets

=F as defined earlier in (1)-(3).
Lemma 7 For all i and k, @f (mf) € ZF for all mk € MF.

Proof. By induction. The claim is true for £ = 0 by definition. Suppose @ ( k- 1) c =kt

—1 K3

for all m_; € Mf;l Now fix any mf = (mkﬁl,ri,yi> € Mzk and let ¥; = 91- (mf) and let

(2

= @kil ( k) By proposition 1, every type has some strict preference over Y* and thus will set
r equal to some ml’C ! he assigns positive probability to. By our inductive assumption, ¥_; € = ”k 1
Now suppose ¥_; separates ¥; and fix 0; € U,;. By proposition 2, there exists 6, € ¥; such that
yk ¢ BY" (0;,V_;). Thus 0] ¢ @ (mk), a contradiction. We conclude that ¥_; does not separate

‘I]i- |

23



5 Robust Virtual Implementation

In this section, we use the notions of strategic distinguishability and the maximally revealing mech-
anism to establish necessary and sufficient conditions for robust virtual implementation. Virtual
implementation of a social choice function requires a mechanism such that the desired outcomes are
realized with probability arbitrarily close to 1 (see Abreu and Matsushima (1992b) and Abreu and
Matsushima (1992c)). Robust implementation requires implementation of a social choice function
depending on agents’ “payoff types” independent of their beliefs and higher order beliefs about
others’ payoff types (see Bergemann and Morris (2005a) and Bergemann and Morris (2005b)). Our

definition of robust virtual implementation is the natural one incorporating both these notions.

5.1 Definitions

Write ||y — ¢/|| for the Euclidean distance between a pair of lotteries y and ¢/, i.e.,

ly=v'] =, /> W) -y ()

zeX

Definition 5 (Robust e-Implementation)

The mechanism M robustly e-implements the social choice function f if
m e SM () = |lg(m) - f(O)] <e.
f is robustly e-implementable if there exists a mechanism M that robustly e-implements f.
We can now define the notion of robust virtual implementation.

Definition 6 (Robust Virtual Implementation)
Social choice function f is robustly virtually implementable if, for every € > 0,

f is robustly e-implementable.

The relevant incentive compatibility condition required for our robust problem is ex post incen-

tive compatibility.

Definition 7 (EPIC)
Social choice function f satisfies ex post incentive compatibility (EPIC) if, for all i, 0;, 0_; and 0;:

wi (f (0:,0-3), (0:,0-3)) > wi (f (6;,0-:) , (0:,0-4)) .
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“Robust measurability” requires that if 0; is strategically indistinguishable from 6, then the
social choice function must treat the two types the same. This condition is the robust analogue of

the measurability condition in Abreu and Matsushima (1992c).

Definition 8 (Robust Measurability)
Social choice function f satisfies robust measurability if 6; ~ 0, = f(0;,0_;) = f (9;, 9_1'), Vo _;.

5.2 Necessity

It is well known from the literature on virtual Bayesian implementation (e.g., Abreu and Mat-
sushima (1992c)) that the relaxation to virtual implementation does not relax incentive compati-

bility conditions by a standard compactness argument.'!

Theorem 2 (Necessity)
If f is robustly virtually implementable, then f satisfies ex post incentive compatibility and robust

measurability.

Proof. We first establish ex post incentive compatibility. Fix any mechanism M that robustly

e-implements f. Fix 0_; and m_; € S (0_;). For any m} € SM (6]

Z), virtual implementation

requires
Now suppose that agent ¢ is type 6; and is convinced that his opponent is type 6_; sending message

m_;. Let m; be any message which is a best response to that belief. Then m; € SiM (0;), implying
that

lg (mi,m—;) — f(65,0-3)|| < e. (14)
In particular, by the best response property of m;:
Ui (g (mia m*i) ) (92, 9*1)) > Ui (g (m;a mfi) ) (917 971)) : (15)
Now (13) and lemma 2 imply

}u,‘ (g (m;, m_i) ; (91, 9_1)) — Uy (f (9;, 9_1) N (91, 9_1))‘ S EC, (16)

"Dasgupta, Hammond, and Maskin (1979) and Ledyard (1979) argued in a private value environment that dom-

inant strategy incentive compatibility was implied by Bayesian incentive compatibility for all priors on a fixed type
space. In the case of a social choice function, this argument - generalized to interdependent values - shows the

necessity of ex post incentive compatibility, see Bergemann and Morris (2005c).
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and (14) and lemma 2 imply

lui (g (miym—;), (0i,0-)) —u; (f (0i,0-:),(0:,0-))| < eC. (17)

Now combining (15), (16) and (17), we obtain

w; (f (0i,0—-3), (0i,0—3)) > u; (f (0;,60—:) ,(6i,0—)) — 2eC.

But virtual implementation implies that this holds for all € > 0, so we have

w; (f (0i,0-), (0:,0-3)) > wi (f (6,6-i),(65,0-5)) .

and this establishes EPIC as necessary condition.
Next we establish robust measurability. Suppose that f is robustly virtually implementable.

Fix any € > 0. Since f is robustly virtually implementable, there exists a mechanism M¢ such that
m € SM(0) = |lg(m) - f(O)] <e.

Now fix any 0_; and m®; € Sﬁ‘fs (6_;). Also fix any 6; ~ 6}, so by proposition 1, there exists m¢ €
SM(0;) N SM (67). Now Hg (ms,me;) — f(Hi,H,Z-)H < ¢ and Hg (m§,me;) — f (9;,971)“ < e
Thus Hf (0:;,0_;)— f (92,9—2‘)“ < 2e. This is true for each € > 0, so f (0;,0_;) = f (9;,9_1). [

5.3 Sufficiency

We first describe the construction of a canonical mechanism that will be used to establish sufficiency.
Our construction follows the logic of Abreu and Matsushima (1992c), which in turn builds on Abreu
and Matsushima (1992b). In the mechanism we construct, each agent simultaneously announces
(i) a message in the maximally revealing mechanism described above; (ii) L announcements of
his payoff type. With probability close to %, the outcome is chosen according the agents’ Ith
announcement of their payoff types in part (ii) of their messages. But with small probability, the
outcome is chosen according to the maximally revealing mechanism and their part (i) messages.
The mechanism then checks to see which agents were the “first” to “lie”, in the sense that his Ith
report of his type is not consistent with the message he sent in the maximally revealing mechanism
and no other agent sent an inconsistent message in an “earlier” report. If an agent is not one of

the first to lie, then the agent is rewarded. For this part of the mechanism, we need an economic

property.
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Definition 9 (Uniform Economic Property)
The uniform economic property is satisfied if there exist a profile of lotteries, (Zi)i[:P such that, for

each i and 6, u; (z;,0) > u; (y,0) and u; (y,0) > u; (2, 0) for all j # 1.
Under the uniform economic property, there will exist a constant ¢y such that
Uy (Zia 0) > U (y) 9) + co, (18)

for all ¢ and 6.

In the canonical mechanism, part (i) announcements for the maximally revealing mechanism
are made as if the maximally revealing mechanism was being played as a stand alone mechanism
(since the probability of rewards can be chosen sufficiently small). An agent will never allow himself
to be one of the first to lie: sending a message that ensures that he is not the first to lie (given his
beliefs about others’ strategies) will always strictly improve on his expected payoff, since if others
are telling the truth, truth-telling is a weak best response by ex post incentive compatibility, and if
they are lying, for sufficiently large L, the reward will outweigh the cost of not lying in one round
of the mechanism.

We write M* = ((MZ*)ZI:1 , g*) for the maximally revealing mechanism. We use three numbers
in defining the canonical mechanism: ¢y is the uniform lower bound on an agent’s utility gain from
having his uniformly preferred lottery rather than the central lottery; recall from lemma 2 that
C' is an upper bound on payoff differences in the environment; recall from lemma 4 whenever a
message is deleted in the iterated deletion process for the maximally revealing mechanism M?*, it
is not even an 7,,«-best response to any conjecture. We will use these three numbers ¢y, C' and
N+, together with the number of agents I, to define two further numbers ¢ and L that will be

used in the construction of the canonical mechanism. Choose § > 0 such that

Im*
o< , 19
C (19)
and an integer L such that
L> 1o (20)
5200.

Now the message space of the canonical mechanism is

L times
——f—
M; = M!xX©;x---x0; = Mi*x@f.
Thus a typical message will be written as m; = (m?, ml, ..., mZL), with m{ € M}; mi € 0; for each

[ =1,...,L. The idea is that an agent is “supposed” to truthfully report his payoff type in each
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round [ = 1,..., L and will receive a small punishment if he is one of the “first” to report a type
that is not consistent with his Oth message. The small individual rewards and punishments are

provided by

ke {1,..,L} st. m? ¢ SM (m¥) |

)

and m? € SJM* (mé) Vi=1,.,landl=1,...k—1;

y, if

zi, otherwise.

(In slight abuse of notation, we use r; (m) here to denote rewards whereas we used r¥ earlier in

Subsection 4.3.) Now the outcome function of the canonical mechanism is:

1< 5%
g(m):(1—5—52)zg f(ml>—|—5g*(m0)+7§ ri(m).
=1 i=1

The mechanism g (m) has three components. The first component, which carries the largest
probability, is the social choice function f itself. The appropriate allocation f (ml) will be selected
by L replicas, each one of which is chosen with a small probability 1/L. The second component is
the maximally revealing mechanism outcome function g* which receives a smaller weight of §. The
third and final component, r; (m), represents a small reward or punishment. It is designed to give
each agent an incentive to replicate in strip ! the report issued in the previous strips. It provides
a small “punishment” (7) if agent ¢ is the first to report in the message component, mé, a type

inconsistent with previous reports, otherwise r; (m) provides the small “reward” (z;).

Theorem 3 Under the uniform economic property, if f satisfies EPIC and robust measurability,

then the canonical mechanism 0 (1 + 0) robustly virtually implements f.

This immediately implies the sufficiency part of our characterization of robust virtual imple-

mentation, since we can choose § arbitrarily close to 0 in the canonical mechanism.

Corollary 1 (Sufficiency) Under the uniform economic property, if f satisfies EPIC and robust

measurability, then f is robustly virtually implementable.
Proof. To prove the theorem, it is enough to establish that, for each i, m; = (m?, ml, ..., mf) €
SM (6;) implies that (i) m? € SM™ (6;) and (ii) m) € SM" (ml) for each I = 1,..., L. To see why,

observe that m{ € SM” (0,) N SM™ (m!) implies 6; is strategically indistinguishable from m!, which
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implies, by robust measurability, that f (mi,ml_ Z) =f (Gi,ml_ z) Since this holds for each 7, we
have f (m') = f(0). Since this is true for each I, we have that the mechanism selects f (f) with
probability at least 1 — § — §2.

Claim (i) above - that (m9,m},..,ml) € SM(6;) = m) € SM" (6;) - follows from lemma 5
and inequality (19), since m? influences the outcome only through weight § on g* (mo) and weight
5% on % ZI: r; (m).

We \:villl now establish claim (ii) above - that (m?,m}, ..., ml) € SM(6;) = m? € SM" (m!) for
alltand I =1,..., L.

Suppose this claim were false. Then there must exist a smallest [ for which the claim fails.
Thus there exists [* € {1,...,L} such that, for all j, m; € S]M* ;) = mg € SJM* (mé) for all
1 <1 < I*; but there exists i and m; = (mg,m}, ,mf) € SZ-M (6;) with m? ¢ SZM* (mi) Now fix
any conjecture pu; € A(O_; x M_;) with p; (0_;,m—_;) >0=m; € SJM (6;) for all j # i. Consider

two cases. First, suppose that

pi (0—iym—_;) >0 = m? € Sj\/l* (mé) forall j #diand I =1,..., L. (21)

In this case, sending the message
L times

———
m; = (m?; 92'7 92'7 ceey 92)

instead of m; will strictly increase i’s utility: since he is certain that each agent is reporting a type
that is strategically indistinguishable in each of the L strips, EPIC and robust measurability ensure
that his utility will not decrease from truthtelling in the L strips; his utility will be unchanged in
the maximally revealing mechanism; and his utility will be strictly increased in the punishment

component. Secondly, i’s conjecture p; is such that (21) fails. In this case, we can define
1 = min {l e{l,..,L}:3(0_;,m_;) with p; (0_;,m_;) > 0 and m? ¢ S]M* (mé) for some j # z} :

Note that ZAZ [*. Now sending the message

T times

— 0 I+1 L
m; = (mi,Gi,Gi,...,Gi,mi g eeey Ty )

instead of m; will strictly increase i’s utility: since he is certain that each agent is reporting a type
that is strategically indistinguishable in each of the first -1 strips, EPIC and robust measurability

ensure that his utility will not decrease from truthtelling in the first -1 strips; his utility will be
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unchanged in the maximally revealing mechanism; if it turns out that m? € SJM* (mg) for some
j # i, then ¢’s utility will also not be reduced in the I—th strip or in the punishment component; but
if it turns out that m? ¢ SJM* (m?) for all j # ¢, then ¢’s utility will be reduced in the I—th strip
by at most (1 -0 — 52) %C and will increase in his own punishment component 7; (-) by at least
$00 (and by the economic property, will not decrease in his opponents’ punishment components
r—; (). The second term exceeds the first term by (20).

We conclude that for no conjecture is m; a best response, contradicting our original assumption.

This proves our second claim. m

While the basic construction of this proof follows Abreu and Matsushima (1992c), there are
some complications that arise in our robust formulation. The messages sent in the maximally
revealing mechanism do not partition an agent’s types. Rather, for each set of types that survives

the iterated deletion of sets that can always be separated, there is a message that may be sent by
!

all types in that set. So we say that message m! is consistent with m{ if message m{ is one that

might be sent by m? € SZ-M* (mi)

The economic property can weakened along the lines of assumption 2 in Abreu and Matsushima
(1992¢). It would be enough to have that the economic property holds for any type set profile ¥
in the inseparable type set =Z*, i.e. for each set profile ¥ = (\Pi)le € =¥, there exists (zz-)ilzl, such

that, for each i and 6 € x1_,U;, w; (2;,0) > u; (¥,0) and u; (y,0) > u; (2;,0) for all j # i.

6 Discussion

6.1 Intermediate Robustness Notions

The classic Bayesian implementation literature considers implementation on a fixed type space.
We believe that this approach - as usually formulated - assumes too much common knowledge
(among the agents and the planner) about the environment. In relaxing these common knowledge
assumptions, we take an extreme approach: we maintain the assumption that there is common
knowledge of the payoff structure of the environment (i.e., the set of possible payoff types of each
agent and how each agent’s utility function depends on the profile of payoff types) but do not
restrict agents’ beliefs and higher order beliefs about other agents’ types.

In a recent paper, Artemov, Kunimoto, and Serrano (2007) consider what happens to robust

virtual implementation results if one imposes some restrictions on agents’ beliefs in the payoff
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environment. In particular, call a pair (6;, \;) € ©; x A(O_;) a “pseudo-type” and suppose that
we add the common knowledge that agent i’s pseudo-type (6;, A;) belongs to a subset T; C O; X
A (O©_;). When can a social choice function be virtually implemented on all type spaces where
each agent i’s pseudo-type belongs to T;7 Note that an agent’s pseudo-type pins down his payoff
type and belief about others’ payoff types, but not his higher order beliefs. Thus this assumption
is intermediate between the standard approach and our robustness approach. In the special case
where T; = ©; x A (©_;), this setting becomes the setting of this paper. But if 7} is a strict subset
of ©; x A (0_;), the conditions for robust virtual implementation will be weakened.

Now say that “pseudo-type diversity” is satisfied if

1. The set of beliefs consistent with a payoff type is a compact set, i.e., {\i € A (©_;) | (0:,\i) € T;}

is a compact set for each 7 and 0; € ©;.

2. Two distinct payoff types cannot have the same preference over constant lotteries, i.e.,

(92', )\1) , (9;,)\;) € T; and 6; 75 9; = R9i7,\i #* Rgg’)\;_.

Artemov, Kunimoto, and Serrano (2007) show that if pseudo-type diversity is satisfied, then
robust virtual implementation will always be possible if the appropriate incentive compatibility
conditions are satisfied (their Theorem 1). The idea is that agents’ payoff types can then be
identified by their preferences over constant lotteries and the Abreu and Matsushima (1992c)-style
argument applied.'?

To get a feel for the strength of the pseudo-type diversity condition, we can return to our leading

example in section 3. Recall that each 6; € ©; = [0, 1] and expected valuation v; with

V; = 0; + vE; Zﬁj
J#i
is a sufficient statistic for agent i’s preferences. Now let A; C A ([0, 1]1_1> be a compact set of
beliefs over others’ types that agent ¢ may have (whatever his payoff type), so his set of possible
pseudo-types is the product set 7; = [0,1] x A;. Now if 0 < v < ﬁ, so there is not too much

12 Artemov, Kunimoto, and Serrano (2007) actually assume a slightly stronger version of pseudo-type diversity:
they assume that each T; is finite and that distinct pseudo-types have distinct preferences over constant lotteries
even if they correspond to the same payoff type, i.e., (0, \:), (05, \;) € T; and (0;,\;) # (05, \)) = Ro, », # Ry/ xr-
But the weaker version we report will also be sufficient, since it is not necessary to distnguish pseudo-types with the

same payoff type.
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interdependence of preferences, pseudo-type diversity will be satisfied if and only if each A; is a
singleton.'?

Artemov, Kunimoto, and Serrano (2007) also report the appropriate measurability condition re-
quired for robust virtual implementation if the pseudo-type diversity condition fails (their Definition
12 and Theorem 2). This will naturally be intermediate between Abreu-Matsushima measurability
and our robust measurability condition. We can illustrate this also with our example. Suppose

that the probability that agent ¢ assigns to any subset of other agents’ payoff types is always at

least 1 — ¢ times the probability of that event under a uniform prior, so that

A= eAO,)N(E)>(1-9) / df_;, ¥ measurable E C [0,1])' !
0_,eE
and T; = ©; x A;.

Now suppose that agent i’s payoff type is in ¥; and he knows that other agents’ payoff types
are in W_;. If agent i’s beliefs are restricted to belong to A;, when do there exist a pair of payoff
types in ¥; who could not have the same expected valuation of the object? The answer is only if

max U; —i—’yZ ((1 —6) % —|—5min\11j> > min ¥, +’yz <(1 —9) % +5max\Ifj> .
J#i J#i
Thus ¥_; “d-separates” W; if and only if
max ¥; — min ¥; < 752 (max ¥; —min ;).
J#i
Now the argument of section 3 can be adapted to show that if v§ < Ifll, all payoff types will be
strategically distinguishable (under 0 belief restrictions) and thus incentive compatibility will be
sufficient for robust virtual implementation. And if v§ > Ifll, no payoff types will be strategically
distinguishable (under § belief restrictions) and robust virtual implementation will be impossible

for any (non-constant) social choice function.

6.2 Rationalizability and All Equilibria on All Type Spaces

Our analysis took as given the solution concept of incomplete information rationalizability for our

environment. Thus we assumed that if the agents’ true payoff type profile was

0=(01,..,01),

13This example has a continuum of payoff types, so does not fit our formal framework. But we could make the

same point with a finite grid of payoff types.
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they might send any message profile

I
m = (my,...,my) € ‘>_<151'M (6:) = SM(9).

i
Our motivation for employing this solution concept is that we did not want to make any assumption
about agents’ beliefs and higher order beliefs about other agents’ payoff types. In fact, suppose one
constructed a “type space” 7 specifying for each agent a set of possible epistemic types, and, for
each epistemic type, a description of his (known) payoff type and his beliefs about others’ epistemic
types. By standard universal type space arguments, we can incorporate any beliefs and higher order
beliefs about others’ payoff types in such a type space. Now the type space 7 and a mechanism M
together define a standard incomplete information game. The set of messages that can be sent by
any type of agent i with payoff type 6; in any Bayesian Nash equilibrium of the game (7, M) for
any type space 7 is equal to SiM (0;). This result is the straightforward incomplete information
extension of the classic epistemic foundations result of Brandenburger and Dekel (1987), showing
that the set of actions that can be played in the subjective correlated equilibria of a complete
information game equals the set of actions that survive iterated deletion of strictly dominated
actions in that game. Battigalli and Siniscalchi (2003) reported the incomplete information version
of this result as Propositions 4.2 and 4.3. For completeness, we formally state and prove this result
in the appendix of the working paper version, Bergemann and Morris (2007).

This observation means that the gap between the solution concepts of pure strategy Bayesian
Nash equilibrium (Serrano and Vohra (2001), Serrano and Vohra (2005)) and iterated deletion
of (interim) strictly dominated strategies (Abreu and Matsushima (1992c)) in incomplete infor-
mation virtual implementation disappears in our robust approach.'* We consider this to be an
attraction of our approach. The intuition is that the extra bite obtained by the assumption of
equilibrium is lost without complementary strong assumptions on beliefs and higher order beliefs

for the implementation problem.

6.3 Iterated Deletion of Weakly Dominated Strategies

Our incomplete information rationalizability solution concept is equivalent to iterated deletion of

strictly dominated strategies. What would happen if we looked at iterated deletion of weakly

14 Abreu and Matsushima (1992c) showed that their measurability condition was necessary for virtual implementa-
tion in mixed strategy Bayesian Nash equilibrium restricting attention to well-behaved mechanisms. But it remains an
open question whether the measurability condition is necessary for virtual implementation in pure strategy Bayesian

Nash equilibrium restricting attention to well-behaved mechanisms (see Serrano and Vohra (2005)).
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dominated strategies instead? In other words, we let VVZ-/\/[’O (0;) = M;,

(

3 W; € A++ (@_Z X M_l) s.t.:

M:
m:/\/l,kJrl (9) ={m; € Wi./\/l,k (01) (1) M (971', m,i) >0= m_; € W—i & (071)

(2

(2) m; € arg Il/’laX Z 122 (G*ia m*i) Uy (g (m;’ m*i) 3 (0’“ 071))

i 0_imey

and

WM (0;) = () W (9,).
k>0

It is easy to see that our “negative” results would go through unchanged. If two types are pairwise
inseparable, 0; ~ 0, then the argument of proposition 1 - unchanged - implies that they will have

iteratively weakly undominated actions in common in every mechanism, or
WM (0;) N WM (6)) # @ for all M.

Thus robust measurability is a necessary condition for implementation (virtual or exact) of any
social choice function in iterated deletion of weakly dominated strategies in a finite (or compact)
mechanism: the argument of proposition 2 will go through unchanged in this case.

Abreu and Matsushima (1994) show their argument for virtual complete information implemen-
tation in iterated deletion of strictly dominated strategies can be adapted to show the possibility
of exact complete information implementation in iterated deletion of weakly dominated strategies,
with some extra restrictions on the environment. It is a reasonable conjecture that this exten-
sion could be adapted to the standard incomplete information implementation setting of Abreu
and Matsushima (1992c¢) and our robust incomplete information setting. However, we have not
attempted this extension.

Chung and Ely (2001) have shown that in an auction environment with interdependent valu-
ations as in section 3, the efficient outcome can be implemented in the direct mechanism under

iterated deletion of weakly dominated strategies (i.e., the solution concept described above) under

1

7-7, it is not possible to

the assumption that v < ﬁ Our results supply a strong converse: if v >

implement (exactly or virtually) any non-trivial social choice function in iterated deletion of weakly

dominated strategies in any finite (or compact) mechanism, direct or indirect.!®

5Qur results are stated for a lottery space over finite outcomes, but the extension to any compact space and

compact mechanisms is straightforward.
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6.4 Implementation in a Direct Mechanism

We restricted attention in this paper to finite mechanisms. Thus the mechanisms here do not
include any of the pathological features of “integer games” that play an important role in the full
implementation literature and have been much criticized (see, e.g., Jackson (1992)). Nonetheless,
the mechanisms in this paper are complex. The canonical mechanism for robust virtual implemen-
tation inherits the complexity of the mechanism of Abreu and Matsushima (1992c), on which it
builds. Our maximally revealing mechanism generating strategic distinguishability is no simpler.
While the mechanisms are theoretically kosher, it has been argued that their complexity and the
logic of the iteration deletion in the mechanism might make them hard to use in practise. For
example, Glazer and Rosenthal (1992) have made this argument about the mechanism used by
Abreu and Matsushima (1992b) for complete information virtual implementation (see Abreu and
Matsushima (1992a) for a response and Sefton and Yavas (1996) for later experiments inspired by
the mechanism).

By requiring robustness to agents’ beliefs and higher order beliefs, we reduce the amount of
common knowledge about the environment that can be used by the planner in designing a mecha-
nism. This will make it harder to achieve positive results (and our robust measurability condition
is rather strong in applications). But one motivation for studying robust implementation is that we
hope that robustness considerations will endogenously lead to simpler mechanisms when positive
results can be achieved. By adapting results from our earlier work on exact robust implementation
in direct mechanisms (Bergemann and Morris (2005a)), we can report that, in at least one broad
class of economic environments of interest, whenever robust virtual implementation is possible ac-
cording to corollary 1, it is possible in a direct mechanism where agents simply report their payoff

types.

This result can be nicely illustrated in the environment with interdependent valuations for a

1

single good of section 3. Recall that if v > =,

all pairs of types are pairwise inseparable, so - by
this paper’s theorem 1 - all pairs of types are strategically indistinguishable, and - by this paper’s
theorem 2 - robust virtual implementation of any non-trivial social choice function is impossible
in any mechanism. However, it turns out if v < Ifll, not only does there exist a finite mechanism
that robustly virtually implements the efficient allocation, there is in fact a direct mechanism -

where each agent’s message space is his set of payoff types - that does so. To see why, first observe

that there is a well-known simple mechanism that allocates the object efficiently as a function of
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agents’ reports of their types. Each agent makes a report b; about his payoff type 6;. The object
is awarded to the highest bidder who must pay the “pivotal” value

max {b;} +7ij- (22)
JFi

Truth-telling is ex post incentive compatible in this mechanism; i.e., if you are sure that others will
bid truthfully, you have an incentive to bid truthfully whatever you think that others will bid. It is
straightforward to modify this direct revelation mechanism to one that virtually allocates the object
efficiently with strict ex post incentive compatibility. With probability 1 — €, allocate the object to
the highest bidder; but with probability €, there is a random allocation rule where one of the agents
is chosen with probability % and he is given the object with probability b; (independently of others’
bids). If bidder i receives the object as the highest bidder, he must pay the pivotal value (22); if he
receives the object under the random allocation rule, he must pay %b,- + 'yz bj. Truth-telling is
strictly ex post incentive compatible in this mechanism and the object is alljfclated efficiently with
probability at least 1 —e. Bergemann and Morris (2005a) establish that - if v < ﬁ - truth-telling

is the unique rationalizable message in this mechanism.'6
This observation generalizes to an economically intuitive class of environments. Preferences
satisfy aggregator single crossing (ASC) if each agent i’s preferences at type profile  belong to a
single crossing class parameterized by h; (), where h; : © — R is a monotonic aggregator. Berge-
mann and Morris (2005a) established that exact robust implementation by a compact mechanism
is possible if and only if the social choice function satisfies strict ex post incentive compatibility and
a contraction property on the aggregator functions h = (hy, ..., hy). In the appendix of the working

paper version, we show that under the ASC assumption, robust measurability is always satisfied

under the contraction property.

6.5 Exact Implementation and Integer Games

The first papers on incomplete information implementation focussed on exact implementation.
Postlewaite and Schmeidler (1986) and Jackson (1991) identified a Bayesian monotonicity condition
which (together with Bayesian incentive compatibility) was necessary and (under weak economic

conditions) sufficient for exact implementation in Bayesian Nash equilibrium. Bergemann and

18Chung and Ely (2001) earlier noted that the efficient outcome was the only one surviving iterated deletion of

weakly dominated strategies in the original fully efficient auction without the modification to generate strict EPIC.
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Morris (2005b) provide a robust analogue of this result, showing that ex post incentive compatibility
and a robust monotonicity condition are necessary and - under weak economic conditions - sufficient
for exact robust implementation. All these papers follow a tradition in the implementation literature
of allowing very badly behaved mechanisms, like integer games, in proving their general results. In
this paper, we follow Abreu and Matsushima (1992c) in restricting attention to finite - and thus
well-behaved - mechanisms. We briefly discuss the relation between these results in this section:
a more complete and formal discussion is contained in the appendix of the working paper version
(Bergemann and Morris (2007)).

Robust measurability and robust monotonicity turn out to be equivalent in the important class
of aggregator single crossing preferences. However, in general, one can show by example that robust
measurability neither implies nor is implied by robust monotonicity. Thus requiring only virtual
implementation is sometimes a strict relaxation; and allowing badly-behaved mechanisms is some-
times a strict relaxation. We do not have a characterization of when exact robust implementation
by a well behaved mechanism is possible (just as analogous characterizations do not exist for com-
plete information and classical Bayesian implementation). We know only that robust measurability,
robust monotonicity and strict ex post incentive compatibility will all be necessary.

We restrict attention in our analysis to social choice functions rather than social choice cor-
respondences. Bergemann and Morris (2005¢) considered the problem of partially robustly im-
plementing a social choice correspondence, i.e., ensuring that whatever agents’ beliefs and higher
order beliefs about others’ types, there is an equilibrium leading to outcomes contained in the so-
cial choice correspondence. In the special case where the social choice correspondence is a function
(and more generally in a class of separable environments), this is possible only if the function (or
a selection from the correspondence in separable environments) is ex post incentive compatible.
But in the general case, we do not have a satisfactory characterization of when partial robust im-
plementation is possible. For this reason, we have not even attempted a characterization of (full)

robust implementation of social choice correspondences.
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7 Conclusion

In an environment with interdependent preferences we introduced a notion of strategic distin-
guishability by saying that two payoff types of an agent can be distinguished if they have disjoint
rationalizable actions in some finite game for all possible beliefs and higher order beliefs about
others’ types. Conversely, a pair of payoff types are strategically indistinguishable if in every game,
there exists some action which each type might rationally choose given some beliefs and higher
order beliefs. We provided an exact and insightful characterization of strategic distinguishability.

The notion of strategic distinguishability is related to the idea of incentive compatibility in the
context of information revelation in a mechanism. The difference between distinguishability and
incentive compatibility arises from the two central features of strategic distinguishability. First, we
say that two payoff types can be strategically distinguished if there exists some mechanism and
hence some outcome function for which the types have disjoint rationalizable actions. In contrast,
the analysis of incentive compatibility is typically concerned with a specific mechanism and hence
a specific outcome function. Second, strategic distinguishability requires that the two payoff types
display disjoint rationalizable actions for all possible beliefs and higher order beliefs. In contrast,
the analysis of incentive compatibility is typically concerned with a fixed and common prior belief
of the agents.

Despite this distinct perspective suggested by the notion of strategic distinguishability, we then
showed that strategic distinguishability plays an important and natural role in the robust version
of virtual implementation. By virtual implementation of a social choice function f, we require that
a given social choice function is only realized with probability 1 — ¢ for every € > 0. The link
between strategic distinguishability and virtual implementation is established by the remaining
€ probability. Here we are allowed to select an arbitrary outcome function, and in particular an
outcome function which can identify strategically distinguishable types. Consequently, we show that
a social choice function can be virtually implemented for all possible beliefs and higher order beliefs,
i.e. it is robustly virtually implementable if and only if the social choice function is measurable

which respect to strategically distinguishable types.
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8 Appendix
The appendix contains omitted proofs and auxiliary results from the main body of the paper.

Proof of Lemma 1. Suppose that

D A0 ui (@ (0:,0-0) > > N x, (0;,0-5)) (23)
0_,€0_; 0_,€c0_;
forall z € X. If
D oN0-)u (@ (0:,0-) > D> il 2, (0;,0_;)) (24)

0_;€0_; 0_,€0_;

for some 2’ € X, we could conclude, that

ST N0 u (7, (05,0-3) > fZ > A z, (0:,0-:))

0_,e0_; zeX 0_,€0_;
= Z >\ 'Uw, ?/7 (0170 ))
0_,€c0_;

a contradiction. So (23) implies
D X0 (@ (0,0-0)) = > N z, (0:,0_1)) (25)
0_,€0_; 0_,€0_;

for all z € X. But (25) implies that Ry, ), is indifferent between all pure outcomes and thus all
lotteries. This contradicts assumption 1 on non-degeneracy. We conclude that the non-degeneracy
assumption implies that (23) fails for all ¢, i.e., that for all 4, ; € ©; and A\; € A (0©_;), there exists
x € X such that
> X J05,0-3) > > X (0—i)ui (7, (0:,0-)) . (26)
0_,€0_; 0_,€0_;

Now suppose that the conclusion of the lemma fails, so that for all € > 0, there exists i, 6; € ©;

and \; € A (O_;) such that

> Nl 2, (0,0-0)) < > Ni(0-)ui (7, (0:,0-0) +e.

0_,€0_; 0_,€0_;

Thus there exists ¢ and 6; € ©; such that for each € > 0, there exists A\; € A (0_;) such that

> X0 2, (0,0-) < D A (0 7,(0;,0_)) + ¢,

0_,€0_; 0_,€0_;
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for all x € X. The sequence Aj has a convergent subsequence with limit \; and
PR J050-0) < > A (0-)wi (7, (0:,0-)),
0_,€0_; 0_,€0_;

for all z € X. This contradicts (26).

Proof of Lemma 4. Fix any m; ¢ SM (0;). Then there exists k such that m; € SiM’k (0;) and
m; ¢ SZ-M’kH (0;). Consider

AF = {ui EAO_; x M_) | (0—i xm_;) >0= m_; € Sivil’k (0_;) for each j # z} .
For all u; € A, there exists 7; such that
Z i (03, m—i) i (g (Mi, m—s) , (05,0 -5)) > Z i (0—i;m—i) wi (g (mi,m—s) , (05,0 -4)) .
0_im_; 0_im_;
By compactness of A¥ there exists ; (m;) > 0 such that for all y; € A¥ there exists m; such that

Z Ni(e—i7m—i)ui<g(m17 ) (0170 ))

0_im_;

>0 w0 me)ui (g (mi,m—y), (0,0-5) + & (m).

0_im_;
Now let
= min g; (m;),
im i, 0; and m;¢SM(0;) ! ( l)
which establishes the bound.l

Proof of Lemma 5. Suppose 77C < 799,.0. We will argue, by induction on k, that
(m?,m}) € SM* (0;) =m0 e SME (9,

for all £ > 0. This is true by definition for £ = 0; suppose that it is true for k. Now suppose that
mY ¢ SZMO’kH (6;) but (m?,m;) € S’ij\/l’kJrl (6;) and so (my,m}) € SM *(8;) and - by the inductive
hypothesis - m{ € SiMO’k (0;). Now fix any u; € A (©_; x M_;) satisfying

i (0, (myml) ) > 0= (m,m}) € 45 (0-) =m0, € s2F(0y).

J ])j;ﬁ

Let

a; (0—i,m2;) = Z M ('9—1'7 (mg,m})j#) .

(m;)j#EMii
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By lemma 4, there exists m? such that:
Z ;i (9717 m(lz) Uj (gO (m?7 m(lz) ) (017 971))
G_i,m(li
— Z 1 (G_Z,mgl) U (go (m?,mgl) s (01, 0_1)) > Mo
G,i,mgi

Thus

Z 1223 (9—i7 m—i) Ug (g ((m?a mzl) ’m—i) s (01', ‘9—2))

0_im_;

— Z i (0—i,m_;)u; (g ((m?, mzl) ,m,i) , (05, 0,1-)) > 7['077M0 —7tC > 0.

0_im_;

This contradicts our premise that (m,m;) € S,L»M k+l (6;). We can therefore conclude that:

(m?,mb) € SMEL(0,) =m0 e SMEL(9,).m

The remaining part of the appendix collects some auxiliary results and the proof of Proposition
3 regarding the existence of a finite test set Y*. The maximally revealing mechanism asks each
agent to make a series of binary choices between the central lottery ¢ and a specific lottery y from
the test set. If the test set is to be successful in eliciting the private information from agent 4, then
the test set should contain a sufficient number of allocations such that for every type 6; and every

belief \; of agent ¢ there exists some allocation y that is strictly preferred to the central lottery .

Lemma 8 (Duality)
Type set profile V_; separates V; if and only if there exists y : ¥; — Y such that

> @) -7 =0, (27)
91'6‘117;
and
v (0:) Po, x; U, (28)

for all 0; € U; and all \; € A(V_;).

This result says that for each 0; € ¥;, we can identify a direction in lottery space, 3 (6;) — 7,
that agent 7 likes whatever his beliefs about W_;, such that the sum of those changes add up to

zero. Lemma 8 follows from the following duality result in Samet (1998):
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Proposition 4 (Samet (1998))
Let Vi, ..., Vi, be closed, convex, subsets of the N-dimensional simplex AN. These sets have an

empty intersection if and only if there exist z1, ...,z € RY such that

L
>amo,
=1

and

v-21>0, foreachl=1,...., L and v € V.

This result was introduced in Samet (1998) in order to provide a simple proof of the observation
that asymmetrically informed agents will trade against each other if and only if they do not share
a common prior, i.e., their posterior beliefs could not have been derived by updating a common
prior.!” Suppose that there are N states and L agents. Each agent [ observes one of a collection
of signals about the true state. Each signal leads him to have a posterior v € AN over the states.
Let V; be the convex hull of his set of possible posteriors. Notice that V; represents the set of prior
beliefs he might have held over the state space before observing his signal. Thus posterior beliefs
are consistent with a common prior if and only if the intersection of the V; sets is non-empty. Now
consider a multilateral bet specifying that if state n was realized, agent [ will receive payment z,

where the total payments sum to zero:

L

Z z1n, = 0 for all n.
=1

Writing z; = (zln)f:[:l, we then have

L
Z Z] = 0.
=1

There exists such a bet where every agent has a strictly positive expected value from accepting the

bet conditional on every signal if v - z; > 0, for each [ =1,..., L and v € V.

Proof of Lemma 5. By definition, type set profile W_; separates ¥; if, for every R € R, there
exists §; € U; such that Ry, 5, # R for every \; € A (V_;). Write

X = {z1,22,..,an}, ©;=1{0},02,..,0F}, and ©_; = {01,,0%,,....,0M} with M =L'"".

A )

= (o (o (00m)))

17 This converse to the no trade theorem was originally proved by Morris (1994), by a more indirect duality argument.

The vector
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is an element of R"V. Without loss of generality (since expected utility preferences can be represented
by any affine transformation), we can assume that each vy, is an element of the N dimensional

simplex AN. Now (vlm)%zl is a collection of M elements of AN, and the set of preferences

{Rgéyxi LN € A(\Il_i)},

are represented by the convex hull of (vlm)M which we write as

m=1s
V) = conv ((vlm)%:1> C AN,

Thus ¥_; separates ¥; exactly if
L
V=2
=1

By proposition 4, this is true if and only if there exist z1, ...., z;, € RV such that

L
Zzl =0, (29)
=1

and
N

D vnzin >0, (30)

n=1
for each [ and v € V;. But if (Zl)lel satisfy (29) and (30), we may choose ¢ > 0 sufficiently small
such that
Y (0ﬁ) =yY+ez €Y foreachl,
and we have established (27) and (28).
Conversely, if (27) and (28) hold and we set z; = 37(6?&) —gyforl=1,..,L, then (zl)lel satisfy
(29) and (30).1

We now use lemma 8 to show how, if W_; separates ¥;, we can construct a finite set of lotteries
Y; (U;,¥_;) €Y such that knowing that agent i knows that his opponent’s type is in ¥_; and
knowing his preferences on Y; (U;, ¥_;) will always be enough to rule out at least one type in ¥;

for agent i.
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Lemma 9 (Finite Test Set)
If V_; separates V;, then there exists a finite set 571 (U;,¥_;) CY, such that for each 6; € V; and
Ai € A(V_;), there ezists y € Y; (U, U_;) such that

TPy, (31)
and for some 0; € U;,

YPy 1 7, (32)

for all N, € A(T_,).
Proof. By lemma 8, there exists i : ¥; — Y such that

> @0 -7 =0,

0,ev;

and

g(@z) Pgi,/\iy forall 6, € ¥; and )\; € A (\I/_Z) .

Let Y; (U3, U_;) = {7 (0:)}g,cp, Fix i € ¥; and \; € A (W_;). Write ¥; (¥, U_;) = {y',..,yX},
with y!' = 4 (6;). Let 3° = 7 and

l
7 =7+ Zy—y

with € > 0 chosen sufficiently small such that 7' € Y for all [ = 1,..., K. We know 7' Py, » Y.
Suppose g1t Ry, », gl for all | =1, ..., K — 1. By transitivity, this would imply that:

7% Po, ., T°.

But 7% = 7°, so we have a contradiction. We conclude that, for some | = 1,..., K — 1, 7 Py, £,

7'+, This implies that there exists 6 such that
y PGiJ\z‘ ) (9;) :

Since

y (0;) Py g forall X;e (),

the inequalities (31) and (32) are established. m
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Now we will construct a large enough finite set of lotteries (the “test set”) such that knowing
just an agent’s most preferred outcome on the test set will always reveal enough information about
his preferences to separate out a type, if it is possible to do so. This will complete the proof of

proposition 3.

Proof of Proposition 3. Our proof is constructive. We first construct a set Y consisting of the
degenerate lotteries X and the Y; (U;, ¥_,;) sets constructed in lemma 9, for every triple (i, ¥;, ¥_;)
with W_; separating ¥,;. Knowing an agent’s ranking of each element of Y relative to the central
lottery ¥ would reveal all the information we need to extract. In order to extract this information
in a single choice, we let the agent pick f : Y — {0,1}. For each y € 17, 1y is chosen with probability
1/Y if f (y) = 1, otherwise the central lottery 7 is chosen. We let Y* be the set of all such lotteries.
Now observing an agent’s most preferred outcome in Y* reveals his binary preference between 7
and each element of Y. Since Y contains each Y; (¥, ¥_;), this will ensure part (2). Since Y
contains degenerate lotteries, the agents will have strict preferences ensuring part (1).
Let
Y=XU U Y; (05, 0_,).
{(i,9;,9_;)|W_; separates ¥;}

Now for any f : Y — {0,1}, let y; be the lottery obtained by picking an element y € Y with
uniform probability and then choosing lottery y if f (y) = 1 and 7 if f (y) = 0. Thus we define:

_ - 1 —
yf=y+ﬁZf(y)(y—y)-

yey

Let Y™* be the set of such lotteries, i.e.,
Y* = {yEY‘EIf:lN/H{O,l} suchthaty:yf}.

To prove part (1) of the proposition, fix any 6; € ©; and \; € A(O_;). By lemma 1, there
exists # € X CY such that x Py, »;U; now let

fo(y)=0,foralyey,

and
0,if y # x;
1,ify ==x.

[ y) =

So we can write:

7 Tt (- 7)
Yo =Y, Y=Y+ —=\T—-Y),
f f 4y
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and so yro & BY " (0i, \i).
To prove part (2) of the proposition, suppose that ¥_; separates ¥;. Fix §; € ¥; and \; €
A (¥_;). By lemma 9, there exists y € Y; (U;,¥_;) and 0; € U, such that § Py, 5, vy and y Py ¥
for all \j € A (¥_;). So
yr € BY (0, M) = f(y) =0,

while

yr € BY (0,9;) = f(y) =1,

and so

Bly* (91,)\1) N BIY* (9;, \I’l) =J,

which establishes the result.ll
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